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Abstract

In this work, the decay of two proton-rich isotopes of oxygen, 11,12O was studied. The

structure of these nuclei was investigated by measurement of the decay energy, intrinsic

width, and momentum correlations between decay fragments. The ground and low-lying

excited states of 12O were measured, including a newly observed 2+ excited state. This

work marks the first observation of 11O. I also present the observation of analog states of

12O in 12N. These states decay by emission of one or two protons, and they were populated

by knockout reactions of a 13O beam produced by the coupled cyclotrons at the National

Superconducting Cyclotron Laboratory. The decay fragments were detected in the High

Resolution Array (HiRA), an array of 14 Si-CsI(Tl) telescopes. I also present work on the

experimental verification of a sinogram-based iterative reconstruction of proton stopping

power ratios from CT data.
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Chapter 1

Introduction

1.1 The Chart of the Nuclides and Stability

Nuclear species are characterized by their proton number (Z) and neutron number (N).

Figure 1.1 shows the chart of the nuclides, the standard way of displaying nuclear species

according to their number of protons and neutrons. The black squares in the figure are stable

nuclei, which, for light nuclei, usually have equal proton and neutron numbers. As the mass

number (A = N+Z) increases, the Coulomb repulsion of the protons increases, and stable

nuclei become more neutron-rich. This tendency toward neutron-richness as mass increases

is opposed by the nuclear asymmetry energy

Easy ∝
(N − Z)2

A
(1.1)

driving stability toward N = Z. Off stability are beta-unstable nuclei (the pink and blue

squares on Fig. 1.1) which, when created, undergo radioactive decay back to stability. The

further a nucleus is from stability, the shorter its beta-decay half-life, generally speaking.

Similarly, the binding energy of the last proton (neutron) decreases as one looks further to

the left (right) of the valley of stability. When far enough away from stability, the binding

energy of the last nucleon goes to zero. The point where this occurs is known as the drip
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Figure 1.1: The chart of the nuclides. Stable nuclei are shown as black squares. Proton
number increases to the top, neutron number increases to the right.

line. Nuclei beyond the drip line (the purple and orange squares on Fig. 1.1) are short-lived

and decay by emitting one or more nucleons. The yellow and green squares on Fig. 1.1 are

nuclei that decay through alpha emission and spontaneous fission respectively.

Unstable nuclei with short half-lives must be produced in the laboratory. Nuclei near

stability can be produced by knockout and transfer reactions. Nuclei far from stability, like

the nuclei beyond the proton drip line that are discussed in this work, can be produced via

a two-step process. A stable nuclear species can undergo knockout reactions which create

bound, beta-unstable nuclei. These nuclei then undergo additional knockout reactions to

produce very short-lived exotic nuclei far from stability.
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1.2 Nuclear Structure

1.2.1 Nuclear Masses

Nuclear mass is the arbiter of nuclear stability. It is the systematic reduction of nuclear

mass through radioactive decay that leads to the valley of stability occupied by the black

squares in Fig. 1.1. Therefore, it is perhaps useful to have a model of the nucleus that

can predict the mass or binding energy of a nucleus. Such a model exists and is known as

the Droplet-Model (DM), introduced in 1935 by Carl Friedrich von Weizsäcker [20]. The

DM is macroscopic and does not attempt to quantum mechanically describe the nucleus. It

begins with a term that describes the bulk properties of nuclear matter and then applies a

series of corrective terms. These corrections include a surface correction (as nucleons on the

surface are not exposed to the attractive force from all sides), a Coulomb correction (as the

protons of a nucleus repel each other), and a correction for any proton/neutron asymmetry,

as mentioned earlier. There is also a term which accounts for the pairing of neutrons and

protons. The binding energy (B(Z,A)) given by the DM is as follows:

B(Z,A) = C1A− C2A
2/3 − C3

Z2

A1/3
(1− C4

C3

A−2/3)− C1k
(N − Z)2

A
(1− C2

C1

A−1/3) + δ (1.2)

In order, the terms are the volume term, the surface correction, the Coulomb correction,

the asymmetry correction, and the pairing term. This model reproduces the binding energies

of stable nuclei all across the chart of the nuclides (Fig. 1.1). It provides less insight into

the quantum mechanical structure of nuclei than we might wish, however.

1.2.2 The Independent Particle Model

The quantum mechanical structure of the atom is made up of irregularly-spaced single-

particle energy levels that electrons fill according to the aufbau rule. Atoms have a shell

structure, in which closed shells confer extra stability, exemplified by the inert nature of
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Figure 1.2: The Woods-Saxon potential for neutrons (left) and protons (right) in 114Sn. Note
the Coulomb barrier for the proton potential.

the noble gases. While the nuclear problem is more spatially compact, defined by a nuclear

interaction different than the Coulomb interaction, and features two types of fermions (as

opposed to a single type, the electron), there exists experimental evidence for shell structure

of nuclei. The evidence points to so-called “magic numbers”, with there being large natural

abundances of isotopes and elements with Zmagic and Nmagic. These numbers are Zmagic =

Nmagic = 2, 8, 20, 28, 50, and 82, and Nmagic = 126. Other observable quantities display

strange discontinuities near magic numbers, including drops in single-nucleon separation

energies for Zmagic+1/Nmagic+1 relative to the neighboring magic isotone/isotope, and drastic

decreases in the thermal neutron capture cross-section for Nmagic nuclei. The presence of

these “magic numbers” suggests a nuclear shell structure.

The most common quantum mechanical description of the nucleus which satisfies this

shell structure is known as the independent-particle model (IPM). A mean-field theory, the
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Figure 1.3: A summary of the single-particle levels for the IPM with different potentials. The
right-most set of levels correspond to the Woods-Saxon potential with spin-orbit coupling
included.
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IPM treats each nucleon a single-particle subject to an average potential created by all the

other nucleons in the nucleus. This potential is a rounded square well known as the Woods-

Saxon potential, with a Coulomb interaction included for the protons in the nucleus. This

potential is shown in Fig. 1.2. This potential produces unevenly-spaced single-particle levels

analogous to the atomic problem. The addition of spin-orbit coupling produces the large

gaps in energy at the magic numbers, describing the shell structure observed experimentally.

Figure 1.3 provides a nice summary.

1.2.3 Isospin

Isospin, represented as T , is a quantum number related to the strong nuclear force. Isospin

is so named because it obeys the same algebraic rules as angular momentum and spin. Bare

nucleons have t=1/2, with projections of tZ=-1/2 and tZ=+1/2 for a proton and a neutron

respectively. The isospin projection for a nucleus is thus

TZ =
(N − Z)

2
. (1.3)

The isospin of a nuclear state must be larger than or equal to the magnitude of the projection.

The isospin of a nuclear state increases with excitation energy, with the lowest-lying states

having isospin equal to the projection TZ . Isospin symmetry is not exact: this is exemplified

in the larger mass of the neutron compared to the proton.

If a nuclear state has isospin T , it is part of a set of 2T+1 nuclear states in different

nuclei of the same isobar (nuclei with the same mass number, A), all of which have isospin

T . This set is known as an isospin multiplet. Figure 1.4 shows an abbreviated example of

this concept. The ground state of 11Li has a spin and parity, Jπ, of 3/2−. According to Eq.

1.3, its isospin projection is TZ = 5
2

(as it has 3 protons and 8 neutrons), and total isospin of

T = 5
2
. The dashed line in Fig. 1.4 connecting the ground state of 11Li to the 3/2− excited

state in 11Be signifies that this state is part of the same isospin multiplet as 11Lig.s., in this

6



Figure 1.4: Levels in 11Li and its isobaric neighbor 11Be. The isobaric analog states in the
two nuclei are connected by the dashed line. Taken from [1].
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case an isospin sextet, as T = 5/2. As the neighboring nucleus to 11Li in the sextet, the

state in 11Be at 21.16 MeV of excitation is called the isobaric analog state of 11Lig.s..

If isospin were a good quantum number and the Coulomb energy could be ignored, the

masses of each member of a multiplet would be identical. This is obviously not the case as

the Coulomb force cannot be ignored and has a real effect on nuclear masses. Wigner found

that if two-body forces are responsible for charge-dependent effects on the mass of a nucleus,

then the masses of the members of an isospin multiplet are expected to follow a quadratic

dependence M(T, TZ) = a+ bTZ + cT 2
Z , called the isospin multiplet mass equation (IMME).

The IMME has been verified for a number of quartets and quintets with few deviations. With

four observed members, the A=11 sextet is the most complete at present, and the masses of

the three members with the largest isospin projection, TZ , have provided a determination of

the IMME parameters for the sextet [21]. The addition of a fourth member would allow us

to probe deviations from the IMME in an isospin sextet for the first time. A large portion

of this thesis details the examination of the structure of the fourth added member of the

A = 11 sextet, 11O.

1.3 2p Decay

1.3.1 Proton Decay

When the separation energy of a proton, Sp, becomes negative, and energy can be released by

emitting a proton, proton decay occurs. Nuclei that decay via proton emission are said to be

beyond the “proton drip line.” Nuclei beyond the proton drip line can release a single proton

(1p decay) or several depending on their level of instability. Quantum mechanically speaking,

protons leaving the nucleus must tunnel through the Coulomb barrier, which becomes higher

with increasing Z. The half-life for a proton decaying nucleus at fixed Sp thus increases with

Z.

Two-proton (2p) decay is the emission of two protons from a nucleus. The decay mode

8



Figure 1.5: The various types of 2p decay. (a) and (c) show direct 2p decay, b(b) shows
sequential 2p decay, and (d) and (e) show “democratic” 2p decay. Taken from [2].

was first predicted to occur in even-Z nuclei by Goldansky in 1960 [22]. The reasoning

behind this prediction is that even-Z nuclei near the drip line could emit two protons when

the 1p-decay channel is energetically forbidden due to pairing of the protons. This is the

case illustrated in Fig. 1.5(c). In cases where the 2p-decaying nucleus has an energetically

available 1p-decay channel, the nucleus may decay through a sequence of 1p-decays through

the available intermediate state (Fig. 1.5(b)). If the intermediate state is lower in energy

than the final state, but both are energetically available, the possibilities for decay look like

Fig. 1.5(a). In this case, the 2p and 1p channels compete. If the intermediate state is very

wide, the decay looks like Fig. 1.5(d)/(e), and it is unclear if the decay is sequential or

simultaneous.

1.3.2 Decay Correlations

To probe the dynamics of a 2p-decaying nucleus, one can examine the momentum correla-

tions between the decay fragments (the two emitted protons and the heavy core). These

correlations describe the relative motion of the three bodies involved in the decay, and can

be accessed by a change of coordinate system in the center of mass frame. Two common

systems, the Jacobi “T” and “Y” systems, used for describing this relative motion are shown

in Fig. 1.6. The energies, masses, and angles for the Jacobi momenta labeled in Fig. 1.6 are

9



Figure 1.6: The Jacobi “T” and “Y” systems. Taken from [3].

described by

ε = Ex/ET , cos(θk) = (kx · ky)/(kx ky) ,

ET = Ex + Ey = k2
x/2Mx + k2

y/2My, (1.4)

Mx =
A1A2

A1 + A2

M, My =
(A1 + A2)A3

A1 + A2 + A3

M, (1.5)

kx =
A2k1 − A1k2

A1 + A2

, ky =
A3(k1 + k2)− (A1 + A2)k3

A1 + A2 + A3

,

(1.6)

where Mx and My are the reduced masses of the X and Y subsystems respectively, Ai are

the particles’ mass numbers, and M is the nucleon mass.

The quantities described in the above equations can be plotted in a way that sheds

light on the type of 2p decay, that is, differentiating prompt decay from sequential decay.

We generally consider a 2D distribution of ε and cos(θk). The clear kinematic signature of

prompt decay is that the protons equally share the decay energy [22], while the indicator of

sequential decay is that each proton has a clear and consistent fraction of the total decay

10



energy determined by the relative spacing in energy of the parent, intermediate, and daughter

levels. Examining these two quantities also allows us to differentiate between the first and

second emitted proton in sequential decays. These features will be shown more explicitly in

a later chapter.

1.4 Proton Therapy for Radiation Oncology

1.4.1 Fundamentals of Radiation Therapy

Radiation therapy’s function in cancer treatment is to kill malignant cells via external ioniz-

ing radiation. The ionizing radiation damages the DNA of tumor cells, usually by breaking

both strands of DNA, causing cell death upon division or apoptosis if the strand break is not

repaired. A nice summary is shown in Fig. 1.7. The DNA damage can be effected through

a few different ionizing radiation modalities, some internal, like brachytherapy or unsealed

source radiotherapy, and others external, most notably external beam therapy, which is the

subject of the rest of this section.

External beam therapy can be easily divided into two groups, photon or x-ray therapy

and charged-particle therapy. Photon therapy involves creating a polyenergetic beam of

photons using an x-ray tube that is sent through a tumor inside a patient. The photons in

the beam deposit energy in the tumor, damaging the DNA of the tumor cells and causing the

effects detailed in Fig. 1.7. The amount of energy per unit mass deposited by the radiation

is called the dose. The photon beam also passes through tissue in front of and behind the

tumor, depositing a dose to and possibly damaging healthy tissue.

1.4.2 The Bragg Peak and Stopping Power

When trying to spare healthy tissue, charged-particle therapy provides a clear theoretical

advantage. Instead of depositing relatively large amounts of dose in random, discrete events

all along the beam path, like photons, charged particles deposit their energy continuously

11



Figure 1.7: A summary of the results of double-strand breaks due to external radiation in
the nucleus of a cell. The cell can repair the break, or chromosomal anomalies can occur,
which can cause cell death upon division. The cell could even undergo direct apoptosis as a
result of the break. Taken from [4].
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Figure 1.8: A dose-depth curve for protons. Note the prominent Bragg peak right before the
end of the protons’ range. Taken from [5].

as they pass through tissue, depositing most of their energy in a region called the the Bragg

peak located right at the end of the particles’ range. A Bragg peak is seen in the generic

dose-depth curve for protons shown in Fig. 1.8. You can see that the dose delivered remains

relatively constant until the Bragg region is reached. The dose then rises and falls very

rapidly. You can see that, if the Bragg region is focused on the tumor site, the tissue behind

the tumor can be spared radiation damage. This is one of the principal advantages of proton

therapy.

The energy loss of protons in matter is dependent on both the energy of the protons and

quantities associated with the matter. The amount of energy lost per unit distance traveled

by a proton is given by the stopping power (Sp) calculated from the Bethe equation [23]

13



according to

Sp(Ep) =
dEp

dx
= ρe

k1

β2

[
1

2
ln
k2β

2Tmax

I2(1− β2)
− β2

]
, (1.7)

where Ep is the proton’s kinetic energy, β is the proton’s speed as a fraction of the speed

of light (v/c), Tmax is the maximum amount of kinetic energy that the proton can impart

to an electron, k1 and k2 are products of physical constants, and ρe and I are the electron

density and mean excitation energy respectively of the matter the proton is passing through.

There are shell and density corrections often added to 1.7 that we omit here because they are

negligible at the energy of clinical proton machines. Note that as the kinetic energy (speed)

of the proton decreases, the stopping power increases.

The stopping power ratio (SPR) is a clinically useful quantity defined as the stopping

power of a material relative to the stopping power of water. This will be the quantity most

often discussed in this work.

1.4.3 Fundamentals of CT Imaging

X-ray computed tomography (CT) imaging is a powerful and important tool in medical

imaging. The fundamental pieces of a CT system are an x-ray source and a detector array

that co-rotate, as shown in Fig. 1.9. The x-ray tube generates a burst of x-rays that pass

through the patient and enter the detectors. The measurement for a given detector is given

by an integral for all emitted energies along a line through the patient, given by

Id =

Emax∫
0

S0(E)E exp

− d∫
0

µ(s;E)ds

 dE, (1.8)

where S0(E) is the spectrum of the x-ray source, µ(s;E) is the energy-dependent linear atten-

uation coefficient along the line between the source and detector, and Emax is the maximum

energy of the polychromatric x-ray spectrum. Equation 1.8 is usually simplified by using the

concept of the effective energy, Ē, the single energy that, in some given material, will yield

14



Figure 1.9: The fundamentals of a 3rd generation CT scanner. The x-ray tube and detector
array rotate around the patient. Combining the signal seen in a detector with knowledge
of the angle of the source-detector pair’s rotation and the index of the detector allows a
cross-sectional image of the patient to be reconstructed. Taken from [6]

the measured intensity of the full polychromatic source [24]. The simplified equation is

Id = I0 exp

− d∫
0

µ(s; Ē)ds

 . (1.9)

This equation can be rearranged to yield

gd = − ln

(
Id
I0

)
=

d∫
0

µ(s; Ē)ds, (1.10)

where gd is now our measured quantity of interest.

It is possible to reconstruct a picture of µ across an entire cross section by using a 2-D

Radon transform. The relevant Radon transform for CT reconstruction [24] is summarized

by

g(`, θ) =

∞∫
−∞

∞∫
−∞

µ(x, y, Ē)δ(x cos θ + y sin θ − `)dxdy, (1.11)
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Figure 1.10: An object and its sinogram. Taken from [7].

where

x(s) = ` cos θ − s sin θ, (1.12)

y(s) = ` sin θ + s cos θ. (1.13)

Here ` can be thought of as a detector index and θ as the angle of rotation of the source-

detector pair.

When g(`, θ) is plotted with ` and θ as the coordinates, the resulting image is called

a sinogram. An example sinogram is shown in Fig. 1.10. The x-axis corresponds to a

detector index (`) while the y-axis corresponds to the rotation angle of the source-detector

pair relative to the patient. The sinogram has clearly visible structures, and provides all

the information that we need to reconstruct an image of the original cross section. There

are a variety of ways to reconstruct an image from a sinogram, including exact, analytical

methods like filtered and convolutional backprojection, and also iterative methods, like the

one discussed in this work.
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Chapter 2

Experimental Methods

2.1 Overview

The principal goal of the experiment presented in this thesis was a measurement of the

decay energy, intrinsic width, decay mode, and decay correlations of 11O, the mirror of 11Li.

Previous studies have observed the single and double isobaric analog states (IAS) of 11Li

in 11Be [25] and 11B [21] respectively, and the addition of 11Ogs would make the A = 11,

T = 5/2 levels the most complete isobaric isospin sextet at present. 11O is 2p-unbound and

decays in < 10−21s, so it must be observed by reconstructing coincident 2p + 9C events.

The experiment was performed at the National Superconducting Cyclotron Laboratory

(NSCL) at Michigan State University. A schematic of the experiment is shown in Fig. 2.1.

The coupled cylotrons (K500 + K1200) at the NSCL delivered a 16O primary beam at 150

MeV/A which bombarded a 9Be target. Reactions between the beam and the target produced

light fragments, and the 13O fragments were selected by the A1900 magnetic separator [26].

The A1900 works by selecting fragments using a large bending magnet which then pass

through an energy degrading “wedge”. The fragments which leave this wedge then pass

through another bending magnet, providing isotopic separation. Upon extraction from the

separator, the 69.5 MeV/A secondary beam had a purity of only 10%. To remove the

17



Figure 2.1: Schematic of the experimental setup. The stable 16O beam (black) is accelerated
by the K500 and K1200 coupled cyclotrons. It then impinges on a 9Be target, fragmenting.
The fragments produced are then separated by the A1900 magnetic separator by their charge-
to-mass ratio. The radioactive 13O beam (red) then passes through the radio frequency
fragment separator (RFFS), which increases the purity from 10% to more than 80%. The
beam is then transported to the experimental area, where it bombards a 9Be secondary
target, creating unbound decay products which are detected by HiRA.

substantial contamination, the beam was sent into an electromagnetic time-of-flight filter,

the Radio Frequency Fragment Separator [27], and emerged with a purity greater than 80%

and a rate of 3000 pps. The secondary beam impinged on a 1mm thick 9Be target. Two

neutron knockout reactions between the secondary beam and the target produced 11O.

2.2 The Invariant-Mass Method

The invariant-mass method is ideal for measuring the decay energy of very short-lived

particle-unbound states. By measuring the momenta and determining the particle type

of all products of a decay, the mass of the parent can be reconstructed in its rest frame. This

invariant mass is given in Eq. 2.1.

Mc2 =

√
(
∑

i

Ei)2 − (
∑

i

~pic2)2 (2.1)

In the above equation, Ei and pi are the total (mass + kinetic) energy and momentum of

each particle, indexed by i.

Frequently, rather than using the invariant-mass proper, we find it more convenient to
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consider the total kinetic energy released in the decay and shared by the decay fragments in

the center-of-mass frame of the fragments

ET = Minv − ΣMi (2.2)

where Mi are the rest masses of the detected fragments. If the ground state rest mass of the

parent, Mparent
g.s. , is well known, we can also consider

E∗
nγ = Minv −Mparent

g.s. . (2.3)

Equation 2.3 only represents the true excitation energy if all the detected fragments were

produced in their ground states rather than particle-stable excited states. Some detected

fragments discussed in this work (6Li, 10B, 10C) have γ-decaying levels. When considering

decays involving these fragments, the true excitation energy is obtained by adding the sum

of the γ-rays’ energies

E∗ = E∗
nγ + ΣiE

i
γ (2.4)

where Ei
γ are the energies of the γ rays emitted by the deexcitation of the fragments. 6Li and

10C have a single γ-decaying excited state each, limiting the number of possible excitation

values for decays to two that involve one of these fragments.

A major degrading factor of the resolution of invariant-mass spectra is the energy loss

of the fragments as they leave the target, specifically changes in the fragments’ relative

velocities [28]. Protons have much smaller velocity losses relative to the heavy cores. We

make an average correction to the fragments’ energies, assuming that the reaction we are

reconstructing takes place in the center of the target material. This gives the correct average

invariant mass. The effect of relative velocity loss on the resolution can be minimized by

selecting events in which the emission angle of the core relative to the beam axis, θC , in the

center-of-mass frame is transverse to the beam axis. We can apply a gate to cos θC to select
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these transverse events. Events where θC ∼ 0o (cos θC ∼ 0) have the best resolution [28].

The gates used, if any, are specified in the figure captions.

The momentum of each fragment can be determined by measuring the energy deposited

in the Si and CsI(Tl) telescopes which make up HiRA and using the segmented Si detectors

to determine the vector’s direction. Particle identification is obtained with the ∆E − E

technique, using the fact that different particle species deposit energy in matter differently

based on the stopping power relation, given in Eq. 2.5.

dE

dx
∝ Z2A

E
(2.5)

where Z is the fully-stripped fragment’s charge, A is its mass number, and E its kinetic

energy. If the energy dropped in a thin detector by an incident particle (∆E) is plotted

against the remainder of its energy left in a thick detector (E), the particles separate into

bands determined by their mass and charge. An example ∆E − E plot is shown in Fig.

2.2. Note the excellent separation between the isotopes of carbon shown in panel (b). This

clear isotopic separation is essential in the analysis of the different particle-decay channels

discussed in this work.

2.3 The High Resolution Array

The High Resolution Array (HiRA) [29] was used to detect the fragments produced by

reactions between the beam and the target. In this experiment, 14 of HiRA’s Si-CsI(Tl)

telescopes were arranged in five towers, as shown in Fig. 2.3. The array was located 85

cm downstream of the secondary target and subtended a polar angular range of 2.1o to

12.4o. Each telescope consisted of a 1.5-mm-thick double-sided silicon strip ∆E detector

backed with four 4-cm-thick CsI(Tl) E detectors. Each CsI(Tl) spans a quadrant of the Si

detector. Both the Si detector and the Csi(Tl) scintillators are necessary to perform the

∆E − E particle identification method discussed in the preceding section. Fig. 2.4 shows
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Figure 2.2: (a) A zoomed-view of a ∆E − E plot used for particle identification. The three
large bands at the left of the plot are the 1,2,3H. The two bands seen at the upper right
are 3,4He. (b) A zoomed-in view of the carbon band. The small bands represent different
isotopes of carbon.
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the configuration described here. The 65 µm Si detector shown in the figure was not used

in this experiment.

The signals produced in the Si were processed by the HINP4 chip electronics designed

by our group in collaboration with Southern Illinois University Edwardsville. The HINP4

chips possess a dual-gain amplification system so that signals generated by both light and

heavy fragments can both be amplified and processed. Signals from the CsI(Tl) detectors

were processed using charge-sensitive amplifiers (CSAs) placed directly behind the crystals.

As can be seen in Fig. 2.3, the setup is slightly more complex than initially described.

The Si detectors are shielded by Mylar foils drawn over aluminum frames, which are affixed

at the front of the telescopes. The CSAs must be cooled during operation, so copper bars

that provide water cooling are placed in contact with the plate holding the CSAs. There is

also a copper mouth piece that is placed in the center of the array to prevent the beam from

scattering into the central CsIs.

2.3.1 The Silicons (∆E)

The thin ∆E detectors of HiRA are ion-implanted silicon semiconductors made by Micron

Semiconductor [30]. Each detector has a 6.4 cm x 6.4 cm face and is 1.5 mm thick. Both

the front and back of the detector are subdivided into 32 strips orthogonal to one another.

This segmentation gives angular resolution on the order of 0.1o and allows each detector to

detect multiple particles.

As charged particles move through the semiconductor detectors, they create electron-

hole pairs within the detector. The number of pairs is linearly proportional to the energy

deposited (Ed) and depends on the band gap the detector material. Because of Coulombic

attraction, the electron and hole will try to recombine, but application of an electric field

(E ≈ 2000 V/cm for a HiRA silicon) across the detector will cause the electron and hole

to drift to opposite surfaces of the detector for collection. Because the number of pairs is

proportional to Ed, the amount of collected charge can be used to determine the energy
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Figure 2.3: The HiRA array. Note the Mylar shielding in front of the Si detectors, the
cooling bars affixed to the back of the telescopes, and the copper mouthpiece at the center
of the array.
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Figure 2.4: A cartoon showing what is inside each of the 14 canisters that make up HiRA.
A double-sided, segmented silicon detector is backed by 4 CsI(Tl) scintillators. The 65 µm
single-sided silicon detector shown in this figure was not used for this experiment.

deposited by the charged particles passing through the detector.

Silicon detectors are sandwiches of two differently doped silicon crystals, forming a p-n

junction. The n-type crystal is made by adding a group V element impurity into the Si bulk,

and the p-type by doping the Si with a group III element. Thermal diffusion drives electrons

from the n-type crystal to the p-type, creating a region between without charge carriers.

This is known as the depletion region and forms a barrier to current flow across the junction.

If a positive potential is applied to the n region and a negative potential to the p region,

the depletion region can be enhanced. This is a process called reverse biasing, and can be

used to extend the depletion region across the entire bulk of the detector. When a charged

particle passes through a reverse-biased detector and creates electron-hole pairs, they are

swept from the bulk to opposite surfaces and collected with metal contacts attached to the

faces of the detector. The HiRA detectors thus determine how much energy was dropped by

a charged particle in the silicon, and the segmented faces provide position information by
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determining which strips on the front and back collected charge.

2.3.2 The Scintillators (E)

HiRA’s stopping detectors are 4-cm-thick CsI(Tl) crystals doped with thallium. The crystals

are trapezoidal, 3.5 cm x 3.5 cm in the front and 3.9 cm x 3.9 cm in the back. Each crystal

has a 3.9 cm x 3.9 cm x 1.3 cm light guide optically coupled to its back by BC 600 optical

cement. A 1.8 cm x 1.8 cm Si photodiode is glued to the light guide with RTV615 silicon

rubber. Each crystal is optically separated from the others in its telescope by a wrapping of

cellulose nitrate on the long sides and an aluminized Mylar foil on the front. The light guides

are painted with reflective BC-260 paint. Each telescope consists of four of these crystals

wrapped together with Teflon tape and placed behind a silicon.

Scintillators produce visible light proportional to the amount of energy absorbed by the

material. Charged particles incident on the crystal create bound electron-hole pairs called

excitons which move within the crystal until they are trapped by dopant impurities (Tl in

this case) or a crystal defect. The excitons then de-excite, emitting a visible photon. This

light is then guided to and collected by the photodiode, creating electron-hole pairs in the

diode which can be read out as a current.

2.3.3 Detector Calibration

Because the invariant-mass method requires determinations of energy deposited by charged

particles, the detectors must be accurately calibrated. The silicon detectors were calibrated

with a 232U source, the decay chain of which is given in Table 2.1. These alphas of known

energies and intensities can be assigned to the lines present in an alpha spectrum measured

by the silicons, and a linear calibration of ADC channel number to energy can be extracted.

A typical calibrated alpha spectrum taken with a HiRA silicon is shown in Fig. 2.5. The

chip electronics used to process the signals from the silicon detectors have nonlinearities,

as seen in Fig. 2.6. To probe and correct for these nonlinearities, known, evenly spaced
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Parent t1/2 Eα0 Eα1 fα0 fα1 fβ

(MeV) (MeV)
232U 68.9 y 5.320 5.263 0.682 0.316 0

228Th 1.912 y 5.423 5.340 0.734 0.260 0
224Ra 3.632 d 5.686 5.449 0.949 0.506 0
220Rn 55.6 s 6.288 - 0.999 0 0
216Po 0.145 s 6.778 - 0.999 0 0
212Pb 10.64 h - - 0 0 1
212Bi 60.55 m 6.089 6.050 0.098 0.251 0.641
212Po 0.229 µs 8.784 - 1 0 0
208Tl 3.053 m - - 0 0 1
208Pb stable

Table 2.1: The alpha energies, half-lives, and branching ratios for the 232U decay chain. α
particles with under 5% intensity are not included. α0 and α1 are the decays to the ground
and first-excited state of the daughter.

voltages were pulsed into the chips and the output spectra were examined. A typical pulser

spectrum is shown in Fig. 2.6. The electronics are linear for low voltages and compressive

for higher ones.

CsI(Tl) scintillator’s light output depends on the charge and mass of the ion entering the

detector. Heavier ions have a higher rate of energy loss than light ones, creating a larger

ionization density. This leads to quenching of the light emitted by the scintillator. Because

of this quenching, the light output, and therefore the energy calibration, of the CsI(Tl) is

particle dependent. To account for this particle dependence, calibration beams which contain

all the isotopes of interest are used. For this experiment we used three calibration beams.

Each beam was a cocktail beam containing a few isotopes at the same rigidity (Bρ). The

major component of each beam were 80 MeV/A protons, 80 MeV/A 4He, and 85 MeV/A

9C.
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Figure 2.5: A calibrated alpha spectrum for a typical silicon front (hole collecting) strip.
The observed peaks are those given in Table 2.1
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Figure 2.6: Pulser calibration for a typical silicon strip on the front of the detector. The
data shown are taken from the low-gain channel. The pulses are in uniform increments of
charge, and a non-linearity above half scale is clearly seen. The large peak in the center of
the spectrum corresponds to a pulse run for twice as long as the other pulses.
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Chapter 3

11Li

3.1 Overview

11Li is a classic example of a halo nucleus, possessing a weakly bound two-neutron halo which

extends well past the matter radius of the 9Li core. Though the neutron-rich nuclide was first

observed in 1966 [31], 11Li’s unusual structure was not suggested until an interaction cross

section measurement in 1985 revealed the nucleus to have an unusually large matter radius

for an A = 11 nuclide, as shown in Fig. 3.2 [8]. This large matter radius is explained by

treating the nucleus as two neutrons very weakly bound to a 9Li core, forming what is known

as a Borromean nucleus, a configuration that takes its name from the famed Borromean rings

(shown in Fig. 3.1) which can only exist when all three bodies are present and interacting

[32]. In the nuclear or atomic case, this means that the three-body system is bound but

none of the 2-body sub-systems are bound. Other classic Borromean nuclei include 6He and

22C. Recent measurements of the two neutron separation energy S2n are given in Table 3.1.

S2n is on the order of hundreds of keV, much smaller than binding energies per nucleon at

stability (on the order of several MeV).

The two-neutron halo picture was supported by a projectile fragmentation experiment

using a 11Li beam on a C target [36]. The experimenters measured the transverse momentum
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Figure 3.1: The interlocking Borromean rings from which Borromean nuclei take their name.
The Borromean rings are named for the aristocratic Borromeo family, the owners of three
islands in Lake Maggiore.

Reference Method ∆M (keV) S2n (keV)
[33] Penning trap 40728.28(64) 369.15(65)
[34] Mass Spec. 40719(5) 378(5)
[35] Mass Spec. 40716(5) 375(5)

Table 3.1: A short summary of recent mass measurements and the two neutron separation
energy of 11Li.

distribution of 9Li fragments and found its width to be much narrower than the widths of

the distributions of the other observed heavy fragments. For nucleon knockout reactions,

the momentum distribution of the nucleon-removal fragments reflects the distribution of the

removed nucleon at the nuclear surface [37], so the neutron fragments must have similarly

narrow distributions. By the uncertainty principle, a narrow momentum distribution requires

a large spatial distribution for the two neutrons, which supports the picture that 11Li has

a two-neutron halo. More recent proton scattering and laser spectroscopy experiments [38,

39] have probed the charge and matter radii of 11Li and found a charge radius consistent

with other lithium isotopes while confirming the extended matter radius, providing further

evidence for the two-neutron halo picture.
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Figure 3.2: The rms matter radius Rr
rms for He, Li, Be, and C for varying mass numbers.

Taken from [8].
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3.2 Ground State Structure

11Li’s extreme N
Z

ratio results in a nuclear structure drastically different from the Li isotopes

near stability. As an N=8 nucleus, the shell model predicts that the valence neutrons should

occupy the p 1
2

states, closing the p shell. Fragmentation experiments, however, report mo-

mentum distributions that can only be explained by a significant s2 component in the 2n

valence wavefunction [40, 41]. Reports of the degree to which the s2 intrusion contributes to

the wavefunction depend on the model being used and the observable being analyzed, with

reasonable predictions varying widely from 25% [42] to 80% [43]. Reference [44] presents an

analytical three-body wavefunction of the 11Lig.s. obtained by fitting much of the existing

experimental data for 11Lig.s.. These data include the two-neutron separation energy, charge

and matter radii for 9,11Li, momentum correlations, and interaction cross sections. The cal-

culated wavefunction gives an s2 strength of 37% with good agreement to all experimental

data.

3.3 Excited States

Table 3.2 gives a short summary of the observed excited states of 11Li. The measurements

were made using a variety of experimental probes including proton elastic scattering [45],

projectile fragmentation [46, 47], and pion capture [48]. The spin assignments given in the

table are described in all citations as soft or conjectural. Figure 3.3 gives a summary of the

levels plus the various thresholds for the single and multi-neutron decay thresholds for 11Li.

An additional 3
2

−
state has been predicted to lie at E∗ ∼2.5-2.8 MeV [49].
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Reference Reaction Jπ E∗ (MeV) Γ (MeV) Ebeam (AMeV)
[50] 14C(π−,pd) 0.92(15) ∼0.3 -
[46] 208Pb(11Li,9Li2n) 1.0(1) 0.7(2) 281

[48] 14C(π−,pd) (3
2

−
) 1.02(7) -

[47] 12C(11Li,11Li’) 1.24(5) 0.26(24) 265

[45] p(11Li,p) (3
2

+
) 1.25(15) 0.75(60) 75

[48] 14C(π−,pd) (3
2

+
) 2.07(12) -

[50] 14C(π−,pd) 2.29(25) ∼0.7 -
[46] 208Pb(11Li,9Li2n) 2.4(1) 2.1(6) 281
[47] 12C(11Li,11Li’) 2.45(27) 2.91(72) 265
[45] p(11Li,p) 3.0(2) 75

[48] 14C(π−,pd) (5
2

+
) 3.63(13) -

[45] p(11Li,p) 4.90(25) 75
[45] p(11Li,p) 6.40(25) 75
[45] p(11Li,p) ∼11.0 75

Table 3.2: The excited states of 11Li.

Figure 3.3: Levels and particle-decay thresholds for 11Li. Taken from Ref. [9].
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Chapter 4

11O

4.1 Introduction

Exotic nuclei with large differences in their proton and neutron numbers can have unusual

structures including halos and low-energy intruder states. 11Li is a textbook example of

one of these exotic nuclei, possessing a two-neutron halo which grants it a matter radius

commensurate with 208Pb [51]. The halo neutrons have a large probability of inhabiting the

(s1/2)
2 configuration [52]. The mirror of 11Li, 11O, is beyond the proton drip line, and is

expected to have a similar structure to 11Li by isospin symmetry. The ground state of 11O,

like 12O, is unbound to 2p-emission [53].

These unbound protons create a challenge for nuclear theory [54, 55]. Interactions be-

tween shell-model states and the continuum can lead to mirror-symmetry breaking due to

the Thomas-Ehrman shift [56, 57]. This symmetry breaking due to the continuum is typified

by 12O, which has significantly more (s1/2)
2 occupancy (on the order of tens of percents)

than its bound mirror, 12Be. The isospin mass multiplet equation (IMME), obtained by

fitting the three neutron-rich members of the A = 11 sextet, predicts the ground state of

11O to be unbound by 3.21(84) MeV [21], larger than the decay energy of 12Og.s. by ∼ 1.5

MeV. Thus, given that 11O is predicted to be more unbound than 12O, it could be expected
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Figure 4.1: Total decay energy spectrum for the 2p decay of 11O events. The black curve is
generated from detected 2p and 9C fragments, while the red and blue curves show contam-
ination from 2p-decaying 12O and 13O nuclei respectively. This contamination is caused by
heavier isotopes of carbon leaking into the 9C gate. There is no transverse gate applied.

that its degree of continuum-triggered mirror-symmetry breaking would be even larger. To

understand the impact of the continuum on the nuclear structure of 11O, an experimental

and theoretical study has been carried out.

4.2 Decay Energy Spectrum and Contamination

The decay energy (ET ) spectrum for 11O, reconstructed from detected 9C + 2p events using

the invariant-mass method, is shown in the black curve in Fig. 4.1. The peak seen at ∼1.8

MeV is due to a contamination of decaying 12,13O. The red and blue curves that are also

displayed show this contamination. In these contaminating events, 10,11C is mistaken for 9C

due to reactions in the CsI(Tl).

These reactions are detailed in Fig. 4.2, which shows 9C beam elastically scattered into
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Figure 4.2: A detail of a ∆E−E plot created during a with the 9C calibration beam. Notice
the streaking heading off to the left. This is due to reactions in the CsI(Tl),the source of the
contamination in the invariant mass spectrum of 11O.
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Figure 4.3: The total decay energy spectrum for 11O with the contamination removed.
Shown on the same plot are theoretical predictions for the decay energy of the nucleus. No
transverse gate is applied.

the central detectors. The streaking along the abscissa is due to reactions in the scintillator

which cause light loss. This leads to heavier isotopes of carbon being mistaken for 9C, as they

leak into the PID gates. The red and blue curves in Fig. 4.1 are created by analyzing 10,11C

+ 2p events as though they are 9C + 2p events and then scaling the resulting spectra using

the ratio of the amount of reacting 9C beam (the streak shown in Fig. 4.2 to the amount

of elastically scattered beam. The ratio is 0.5% for each of the heavy carbon isotopes. The

red and blue spectra in Fig. 4.1 were then subtracted from the black spectrum to create an

uncontamined 11O spectrum. This spectrum is shown in Fig. 4.3.

Figure 4.3 also shows three theoretical predictions for the decay energy of 11Og.s.. The

IMME prediction mentioned earlier is shown in black [21], a prediction using a simple poten-

tial model assuming mirror symmetry is shown in red [58], and a three-body model prediction

is shown in blue [52].
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4.3 Single State Fit

Figure 4.4 shows the subtracted spectrum with a curve fit to the data. This curve is generated

by a Monte Carlo simulation using a realistic detector geometry and assuming a diproton

decay using the R-matrix prescription [59]. The peak energy is ∼4.5 MeV, higher than the

IMME prediction, and the width (FWHM) is ∼3 MeV. The experimental resolution at ET =

4.5 MeV is FWHM = 0.45 MeV. To obtain a curve from the R-matrix formalism that could

fit a width this large, it was necessary to model the diproton lineshape as a delta function

centered at Epp = 0. This deviates from the assumption of the lineshape based on the p− p

phase shift detailed in [59]. This arouses suspicion that the peak is not a singlet, though

Fortune was able to obtain a reasonable fit to the data with a single Breit-Wigner peak that

models the decay as a coherent sum of simultaneous and sequential 2p decay processes [60].

His fit to the data remains too narrow, however, missing data points on the low energy side

of the peak.

4.4 Theoretical Model

4.4.1 The Gamow Coupled Channel (GCC) Model

The calculations in this work were performed by Simin Wang of the Nazarewicz group at

Michigan State University. The model used was the three-body Gamow Coupled Channel

(GCC) model with a 9C core and two protons. The following sections will provide details

about the GCC and its application to the 11O system. See [19, 61, 62] for greater detail.
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Figure 4.4: A fit to the decay energy spectrum of 11O assuming the peak is created by the
decay of a single state in 11O. The curve is generated by Monte-Carlo simulations incorpo-
rating the detector response. The dashed line is a fitted background. No transverse gate is
applied.
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4.4.2 The Three-Body Gamow Coupled Channel (GCC) Model

The three-body GCC models the nucleus as a core and two valence nucleons (or clusters).

The Hamiltonian can be written as

Ĥ =
3∑

i=c,p1,p2

p̂2
i

2mi

+
3∑

i>j=1

Vij(rij) + Ĥc − T̂c.m. (4.1)

where the first sum is the kinetic energy term for each cluster, the second sum describes

the two-body interactions between each of the clusters, Ĥc is the core Hamiltonian with

associated core excitation energies Ejcπc , and T̂c.m. is the center-of-mass term.

The wavefunction of the parent (in our case, the 2p-decaying nucleus) is given as ΨJπ =∑
Jpπpjcπc

[
ΦJpπp

⊗
φjcπc

]Jπ
. ΦJpπp and φjcπc are the wavefunctions for the valence protons

and the core respectively, with ΦJpπp being constructed in Jacobi coordinates with a hy-

perangle piece described by hyperspherical harmonics YJpM
γK (Ω) [63, 64]. The hyperradial

piece ψγK(ρ) is expanded in the Bergren basis BJpπ
γn (ρ), a complete ensemble in the complex

momentum plane that includes bound, resonant, and scattering states [61]. It is this com-

pleteness that makes the Bergren basis useful for describing 2p decay, as it reproduces the

correct asymptotic behavior and treats reactions and structure on the same footing.

Using hyperspherical harmonics and the Bergren basis allows the Schrödinger equation

to be rewritten as a coupled-channel equation with couplings among both the hyperspherical

basis and the core’s collective states. The complex eigenvalues obtained from solving this

equation contain information about the parent resonances’ energies and widths.

4.4.3 The GCC Applied to 11O

The core was modeled as a deformed rotor, which allows the coupling of the pair of protons

to collective states of the core. As stated before, the wave function is constructed in Jacobi

coordinates with a complex-energy basis, which can give exact asymptotic behavior of the

wave functions and treats structure and reaction aspects on the same footing. The nuclear
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two-body interaction between the valence nucleons is the finite-range Minnesota force [65]

augmented by their Coulomb interaction. The effective core-valence potential is a deformed

Woods-Saxon (WS) form including the spherical spin-orbit term. The Coulomb core-proton

potential is calculated assuming the core charge is uniformly distributed inside its deformed

nuclear surface [66].

To analyze Thomas-Ehrman effects [57, 67, 68, 69], the mirror nucleus 11Li has been

studied in a similar way with two valence neutrons. The deformed core is described by the

quadrupole deformation β2, and the couplings to the low-lying rotational states are included.

The core rotational energies are taken from Ref. [14]. In the coupled-channel calculations,

the g.s. band of the core is included with J ≤ jmax
c = 11/2−. According to previous work

[62], the higher-lying rotational states have little influence on the final energy spectrum and

g.s. mass.

Apart from the depth, the other parameters of the core-valence potential were optimized

to fit the spectrum of 11N [14]. The resulting values are VS.O. = 15.09 MeV, a = 0.7 fm,

the WS (and charge) radius R = 2.3 fm, and the quadrupole deformation β2 = 0.52. These

values are similar to those in Ref. [70], which reasonably reproduces the intruder state of

11Be. The depth V0, initially adjusted to fit the spectra of the core+nucleon systems 10,11N,

is discussed below.

The GCC configurations can be described both in the original Jacobi coordinates (S, lx, ly)

and the cluster orbital shell model coordinates (j1, j2), where S is the total spin of the valence

nucleons and lx and ly are, respectively, the orbital angular momenta of two-protons about

their center of mass and the center of mass about the core. The calculations have been carried

out in the model space of max(lx, ly)≤ 7 with the maximum hyperspherical quantum number

Kmax = 20. For the hyperradial part, the Berggren basis is used for the K ≤ 6 channels

and the harmonic oscillator basis with the oscillator length b = 1.75fm and Nmax = 40 for

the higher-angular-momentum channels. The complex-momentum contour of the Berggren

basis is defined as k = 0 → 0.4 − 0.2i → 0.6 → 2 → 4 → 8 (all in fm−1), with each

41



segment discretized with 60 points. To study antibound states and broad resonant states

in the core-valence potential, the deformed complex-momentum contour is used, as in Refs.

[71, 72].

4.5 Results

To benchmark the theory, the g.s. energy of 12O was calculated. The experimental g.s. was

fitted with a Breit-Wigner resonance with a centroid of Q2p=1.688(29) MeV and an intrinsic

width of Γ=51(19) keV. These values for Q2p and Γ are discussed in the next chapter. The

GCC calculations give Q2p=1.97 MeV and Γ=120 keV, values in reasonable agreement with

experiment. If the depth V0 of the Woods-Saxon potential is adjusted to reproduce the

experimental Q2p value, the theoretical width is now 18+4
−3 keV, closer to the extracted value.

The (s1/2)
2 strength is now predicted to account for 35% of the wavefunction compared to

20% for the mirror nucleus 12Be calculated with the same parameters, an amount of mirror

symmetry violation in accord with the predictions of Ref. [56].

Using the initial estimate of V0, values of Q2p=3.17 MeV, Γ=0.86 MeV are obtained for

11Og.s., which does not explain the experimental peak. To investigate whether the peak can

be a singlet, the depth of the WS potential was varied to examine how the decay width

changes. When Q2p is set at 4.55 MeV, near the maximum of the experimental peak, the

decay width is only 1.29 MeV, with 67.7% strength in the (K,S, lx) = (0, 0, 0) configuration.

Because this configuration is largely responsible for the decay rate [56], a maximum value

of Γ=1.29/0.67≈1.9 MeV is obtained. Another estimate for the width can be obtained by

assuming no valence-nucleon interaction and recoil term. Based on the three-body model,

the g.s. energy and decay width of 11O would be two times larger than that of 11N. Thus,

the decay energy Q2p should be ∼4 MeV with a width of ∼1.5 MeV, significantly less than

the experimental values. Due to the difficulty in the theory reproducing the experimental

peak, the observed spectrum must contain multiple components.
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Figure 4.5: A fit to the 11O decay energy spectrum assuming that the peak consists of two
3/2− states. No transverse gate is applied.
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Jπ Q2p (MeV) Γ (MeV)
3/2−1 4.16 1.30
5/2+

1 4.65 1.06
3/2−2 4.85 1.33
5/2+

2 6.28 1.96

Table 4.1: The decay energies, Q2p, and widths, Γ, of the four lowest-lying resonant states
of 11O.

The possibility that the experimental peak is a doublet of two predicted 3/2− states was

considered. Attempts to reproduce the experimental peak by varying the depth of the WS

potential to change Q2p and using the calculated line shapes to fit the data failed as the

best-fit spectrum is still too narrow, as seen in Fig. 4.5. Thus, contributions from two 5/2+

states must be included. To populate these states, the two neutrons knocked out of the 13O

beam must come from different shells to conserve parity. An analogous state was observed

in the mirror reaction, the two-proton knockout from 13B populating the first excited state

of 11Li, which has positive parity [73, 74, 9]. This state is consistent with the 5/2+
1

11Li state

obtained by GCC calculations. Table 4.1 gives the energies, Q2p, and widths, Γ, for the

four lowest-lying resonant states obtained with V0 optimized to the observed decay energy

spectrum. Figure 4.6 shows the best fit to the data with the contributions from all four of

these levels. The line shapes are generated using a Monte-Carlo code that takes experimental

resolution into account. With a smooth background, the data are well described. The 3/2−1

and 5/2+
2 states make up most of the yield, at 39% and 32% strength respectively. The 3/2−2

and 5/2+
1 levels have similar widths and centroids and cannot be well distinguished. Figure

4.7 shows the IMME curve obtained from a fit to the three neutron-rich members of the A

= 11, T = 5/2 sextet: 11Li, 11BIAS, and 11BeDIAS [33, 25, 21]. The value shown for 11O is

that of the ground state, the state labeled 3/2−1 in Table. 4.1. It appears that the IMME

under-predicts the mass.

A decay energy spectrum of transversely decaying 2p+9C events (cos θk < 0.2) is shown

in Fig. 4.8(b). There is a clear enhancement of a high-energy feature near ET = 6 MeV.

This is near the energy of the 5/2+
2 state predicted by the GCC. Indeed, when fit with the
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Figure 4.6: A fit to the 11O decay energy spectrum assuming that the peak consists of four
states, two of Jπ = 3/2 and two of Jπ = 5/2. No transverse gate is applied.
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Figure 4.8: A fit to the 11O decay energy spectrum (a) with no transverse gate and (b) for
events decaying transversely to the beam (cosθC < 0.2). There is a clear enhancement of a
high-lying feature relative to the spectrum that includes all events. This feature appears to
sit at the energy of the second 5/2+ state.
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four states predicted by the GCC, we obtain a reasonable fit also shown in Fig. 4.8. This

adds further support to our claim that the broad peak is in fact a multiplet.

The dependence of the predicted widths on Q2p is complicated by the presence of broad

threshold resonant states in 10N, which affect the behavior of the l = 0 single-particle channel.

Figure 4.9(a) shows the 2p partial decay widths of the 3/2− resonant states of 11O as a

function of Q2p. The predicted decay width of the 3/2−1 g.s. increases rapidly with Q2p below

the Coulomb barrier (∼3.2 MeV). This increase is accompanied by a rapid configuration

change, shown in Fig. 4.9(b). The wave function of this state is dominated by the single

(S, lx, ly)=(000) Jacobi-coordinate component. For Q2p < 2.2 MeV, the weight of the (s1/2)
2

shell-model component is around 20%, similar to predictions for the 11Li. As Q2p gets larger,

the (s1/2)
2 strength rapidly increases. Close to the Coulomb barrier, the state becomes a

pure (s1/2)
2 configuration. Above the barrier, the wave function has a small amplitude inside

the nuclear volume and can no longer be associated with an outgoing solution; it dissolves

into the scattering continuum. Interestingly, as seen in Fig. 4.9(a), a second branch of the

3/2−1 solution appears at higher Q2p values. This behavior is attributed to the presence of a

broad resonant state in the l = 0 p-9C scattering channel, which is an analog of the antibound

state of 10Li. When steadily increasing the Coulomb interaction from zero (n+9Li) to the

full p+9C value at V0 = -52.17 MeV (Q2p = 4.13 MeV), this resonant pole evolves in the

complex-k plane from the antibound state in 10Li with k = -0.222i fm−1 (E = -1.022 MeV),

passing the region of subthreshold resonances Re(E) < 0 and Γ > 0, located below the -45o

line in the momentum plane[75, 76], and eventually becoming the broad s-wave threshold

resonant state in 10N with k = 0.252 - 0.213i fm−1 (E = 0.38 MeV, Γ = 4.45 MeV), see

Ref. [77]. The antibound-state analog is present in the broad range of Q2p values, and is the

source of the discontinuity between the two branches for the 3/2−1 state when it gets close

to the -45o line.

The second 3/2−1 solution shows a similar trend to the first one, with the amplitude of

the (s1/2)
2 configuration increasing with Q2p. The fitted value of Q2p for the g.s. corresponds
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to the second solution in Fig. 4.9 and contains 29% of the (s1/2)
2 configuration compared

to a similar value of 25% for the mirror 11Li. However, at other values of Q2p, the degree of

isospin symmetry breaking would have been substantial. The 3/2−2 state exhibits a similar

discontinuity as the 3/2−2 solution; the dependence of the 3/2−2 (s1/2)
2 strength on Q2p is

roughly inverted to that for the 3/2−1 state in Fig. 4.9(b), with the excited-state component

dropping to zero when the ground-state approaches the pure (s1/2)
2 configuration.

4.6 Dinucleon Correlations

One can see the Thomas-Ehrman effect directly in the wave functions of the valence nucleons.

Figure 4.10 shows that the predicted two-nucleon density distributions in Jacobi coordinates

for the 3/2−1 , 5/2+
1 , and 3/2−2 resonant states of 11Li and 11O. The two 3/2− states show strong

correlations between the valence nucleons with either diproton or dineutron characteristics.

As expected, the diproton peak in the unbound 11O is slightly less localized than that

of the dineutron configuration in the bound mirror halo system. However, the secondary

peak strength for cigar-like arrangements is significantly reduced in 11O. The two-nucleon

correlations for the 5/2+
1 state are weak, with the maximum density occurring for large

separations between the two valence nucleons. The 5/2+
1 wave function is more extended

spatially in 11O than in 11Li. This resonance is dominated by the (s1/2, p1/2) component,

while the 5/2+
2 level in 11O is dominated by the (s1/2, p3/2) component.

4.7 Conclusions

The proton-unstable isotope 11O has been observed for the first time. It was produced

by two-neutron knockout reactions from a 13O beam. The invariant-mass spectrum of its

2p+9C decay products measured with the HiRA detector contained a single broad peak with

a width of 2.9 MeV. The low-energy structure of 11O was also studied theoretically with the

Gamow coupled-channel approach and it was shown that the observed peak is most likely
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Figure 4.9: (a) Predicted withs for the 3/2−1 (both solutions) and 3/2−2 resonant states of
11O as a function of Q2p. The arrows indicate the predicted Q2p values of the 3/2−1 and
3/2−2 states. (b) GCC configuration weights (real parts of squared norms) of the (s1/2)

2 and
(Slxly) = (000) configurations in the 3/2−1 wave function.
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Figure 4.10: Two-nucleon density distributions (in fm−2) in Jacobi coordinates predicted in
GCC for low-lying resonant states in 11O (left) and 11Li (right).
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a multiplet. An excellent fit to this structure was obtained, with contributions from the

four-lowest excited resonant GCC states (Jπ = 3/2−1 , 5/2
+
1 , 3/2

−
2 , 5/2

+
2 ).

The predicted width of the 3/2−1 g.s. shows complicated variation with the depth of the

confining potential due to the presence of broad resonant states in the p-9C scattering l = 0

channel. With the fitted depth, the g.s. configuration was found to be similar to its mirror

system 11Li. However, significantly different configurations were predicted for other values

of the depth. These results demonstrate the importance of the coupling to the continuum

for states beyond the drip lines and the role that l = 0 near-threshold resonant states can

play in constructing the many-body wave functions. The Thomas-Ehrman effect was also

studied directly in the wave functions of the valence nucleons in the mirror 11O-11Li pair.

According to the calculations, the strength in the diproton (cigar) configuration is relatively

stronger (weaker) in the g.s. of 11O than in 11Li.
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Chapter 5

12O

5.1 Introduction

Isotopes near and beyond the drip lines can show unusual properties like extended halos, two-

nucleon emission, and low-energy intruder states. They also present a theoretical challenge

as coupling to the continuum needs to be included, which can result in clusterization [78]

and the breaking of isospin symmetry due to Thomas-Ehrman effects [79, 80].

The 2p decay of 12O has been previously observed [81, 53]. The invariant-mass method

can be used in 3-body decays to investigate the momentum correlations between the decay

fragments. These correlations can capture information about the decay dynamics and the

parent states’ structure. High-statistics measurements of these correlations have been made

for the democratic 2p decay of the ground states of 6Be and 16Ne, and the correlations

were compared to predictions from three-body calculations [10, 11]. Momentum correlation

measurements have only been made for the ground state in 12O with low statistics [81].

The isobaric analog of 12O in 12N was shown to undergo prompt 2p decay to the isobaric

analog state (IAS) in 10B [53]. This is the second observed case of prompt 2p decay from

one IAS to another, the first case being 8BIAS →2p+6LiIAS [82, 83]. It is interesting to

determine if the 2p decays of these analog states have the same momentum correlations
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Nuclide Jπ E∗
lit [MeV] Γlit [keV] E∗ [MeV] Γ [keV]

12N 2+ 0.960(12) <20 0.962(3)
12N 2− 1.179(17) 55(14) 1.186(7) 77(12)
13O 3.025(16) <0.050 3.038(9)
13O 3.669(13) <0.050 3.701(10)

Table 5.1: Comparison of fitted and literature decay energies and widths of calibration
resonances used for detector characterization. Literature values for 12N states come from
[17] and values for 13O states from [18].

as their ground-state cousins. It is also interesting to learn about the decay dynamics of

the higher-lying analog states, that is if they undergo prompt or sequential 2p decay to the

10BIAS.

5.2 12O Structure

5.2.1 Calibration resonances

The structure of 12O can be investigated via the invariant-mass spectra of the decay frag-

ments. Peaks corresponding to particle-decaying states found in the invariant-mass spectra

were fit to extract the resonance energy and intrinsic width of the states. The experimen-

tal resolution and efficiency are included via Monte-Carlo simulation. These simulations

are benchmarked by comparing their results to well-known resonances that decay through

similar decay channels.

Figures 5.1(a) and (b) show the excitation-energy spectra for particle-decaying states of

13O and 12N from detected 2p+11C and p+11C events respectively. The curves show fits

assuming Breit-Wigner line shapes. A comparison of the fitted parameters for these states

and the ENSDF values are shown in Table 5.2.1. The width of the peak corresponding to

the 2+
1 state is essentially only from the experimental resolution, as the reported width of

the state is much smaller than the experimental resolution.

The peaks in the 2p+11C spectrum have only been seen in a single previous study [18].

Again, the width is dominated by the experimental resolution. The centroid for the lower-
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Figure 5.1: Excitation-energy spectra of calibration peaks for (a) the first 2p-decaying levels
of 13O and (b) the first two excited states of 12N reconstructed from transversely decaying
2p+11C and p+11C events respectively. The red solid curves show the results of Monte Carlo
simulations incorporating the detector response and known level properties. The blue dashed
curves are fitted estimations of the background. Total decay energy spectra (c),(d) of 12O
reconstructed from transversely decaying 2p+10C events. (c) shows a fit at the upper limit
of the uncertainty for the 0+

2 width while (d) shows the fit at the lower limit. The red solid
curve shows the summed results of Monte-Carlo simulations of each resonance, shown by
the solid green curves. The blue dashed curve shows the fitted background. A |cos θC | <0.2
gate was applied for all spectra.
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energy peak is consistent with the previous value, while the higher-energy one is slightly

higher than the previously reported value. From previous experience, we expect a systemic

error of ∼10 keV, which is not included in the uncertainties listed in Table 5.2.1. The

reproduction of these known resonances thus assures us that our simulations are correctly

incorporating the detector response.

5.2.2 2p + 10C channel

The total decay energy (ET ) spectrum for the 2p-decay of 12O is shown in Figs. 5.1(c) and

(d). There are four peak structures in the spectrum. The spin assignments of the three

prominent features come from an analysis of the mirror nucleus 12Be [84], the predictions of

[19, 85, 86], and previous measurements [53]. The low-energy shoulder on the 2+
1 peak is at

the approximate location of the second 0+ state, reported at E∗ = 1.62(13) MeV [12]. It is

also at the approximate location of the 1−1 state predicted by GCC calculations (ET =3.256

MeV)[19]. The shoulder could also be a decay branch of the 2+
2 excited state to the particle-

bound first excited state of 10C (E∗ = 3.353 MeV, Jπ = 2+), as the shoulder is located

∼3.353 MeV lower than the ground state decay channel of the 2+
2 state.

Jπ ET [MeV] E∗ [MeV] Γ [MeV] σ [mb]
0+

1 1.718(15) 0 0.051(19) 0.72(1)
0+

2
1 3.519(67) 1.801(67) 0.980(182) 2.01(78)

2+
1 3.817(18) 2.099(18) 0.155(15) 1.25(10)

2+
2 6.493(17) 4.775(17) 0.754(25) 2.13(9)

2+
2

2 6.493(17) 4.775(17) 0.754(25) 2.88(9)
7.792(40)3 6.254(40) 0.81(11) 0.40(5)

1 Assuming the shoulder peak is the second 0+.;
2 Assuming the shoulder peak is a decay branch of

the second 2+.;
3 Through the 4p+ 2α decay channel.

Table 5.2: The spin assignments, decay energies, in-
trinsic widths, and measured cross sections of the four
observed states in 12O.
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The data were fit with Monte-Carlo simulations using Breit Wigner intrinsic line shapes

that account for the detector response, as previously described. The numerics, extracted

decay energies, widths, and cross sections are given in Table 5.2. The decay width of the

shoulder is subject to large uncertainty, as demonstrated by the fits with different back-

grounds in Figs. 5.1(c) and (d). The fitted decay energy and width are consistent with the

values of E∗=1.62(3) and Γ=1.2 MeV given for the 0+
2 state in [12]. If the shoulder is in fact

actually a decay branch of the second 2+, we can fix its decay energy and width and refit

the spectrum, obtaining a branching ratio of 0.27(1).

This work also presents the first observation of a second 2+ state, which was predicted to

be produced in 13O knockout reactions in [85]. The analysis of [85] predicts four 2+ states,

though only two are expected have significant strength (the first and fourth). The fourth

(presumably the new 2+
2 state) should have four times the yield of the 2+

1 state, which is not

observed.

5.2.3 4p+ 2α channel

Figure 5.2(a) shows the reconstructed decay energy spectrum of coincident 4p+2α events

found in our detectors. The spectrum shows a clear peak sitting on top of a large background.

A fit with a single level with a Breit-Wigner line shape is shown as the solid red curve, and

has parameters ET =7.972(40) MeV, Γ=0.81(11) MeV.

It is not easy to disentangle how this state decays due to the large multiplicity of exit-

channel fragments and the large background. Among the most interesting of the possible de-

cay scenarios include sequential decay pathways initiated by the fission-like α+8C/6Be+6Be

or 2p decay to higher-lying excited states of 10C. In these scenarios, sequential decays of the

unstable decay products lead to the observed exit channel.

Of the possible intermediate states, 8Beg.s. is the easiest to isolate because there is only

one possible α-α subevent in each 4p+2α event. The α-α invariant-mass peak also has no

background under it. The 4p+2α spectrum gated on and vetoed by the presence of a 8Be
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Figure 5.2: (a) Total decay energy spectrum reconstructed from coincident 4p+2α events.
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intermediate state is shown in Fig. 5.2(b). The prominent peak is present in both spectra,

which indicates that there are at least two decay pathways. As we will see shortly, there are

in fact many more.

We can identify other possible intermediate states by examining other combinations of

the decay fragments. As an example, consider the invariant-mass spectrum of 4p+α events

shown in Fig. 5.3(c). There are two ways to reconstruct 4p+α events from each detected

4p+2α event. There is a peak in this spectrum at ET =3.449 MeV, which is associated with

the decay of 8Cg.s. [87]. As another example, the combinatorics yield 6 2p+2α events for

each decay event that passes through a 10C intermediate state. Rather than deal with all

these subevents, the invariant-mass spectrum in Fig. 5.3(d) shows only 2p+2α subevents

where one of the p+2α sub-subevents has an invariant-mass corresponding to a 9Bg.s. decay.

There is a prominent peak at ET =1.45 MeV, corresponding to the sequential proton decay

of the 5.18 MeV state of 10C through 9Bg.s. to 8Beg.s. [88].

There are also 6 ways to separate a detected event into two subgroups of 2p+α events

from which one can search for the fission of 12O into two 6Be fragments. When the decay

energies of the prospective 6Be fragments are plotted against each other, the plot shown in

Fig. 5.3(a) is produced. A sharp peak can be seen in the lower left corner, corresponding

to when the two 6Be fragments are in their ground states (ET =1.37 MeV). To examine this

further, we use a diagonal gate shown by the dotted lines and projected onto either axis. The

resulting projected spectrum is shown in Fig. 5.3(b). The g.s.+g.s. peak is clearly seen at

ET =1.37 MeV, and there is also a broad peak at ∼3.5 MeV. This peak is above the expected

energy if both 6Be fragments are in the E∗=1.16 MeV, Jπ=2+ state. The origin of this large

peak is unclear.

A multiplicity for each observed intermediate resonance and a probability for the 6Beg.s.+
6Beg.s.

can be determined by subtracting a smooth background under all the peaks Fig. 5.3. These

multiplicities are shown plotted against ET in Fig. 5.2(c). Multiplicities for the occurrence of

a single 6Beg.s. and for the Jπ=5/2−, E∗=2.345 MeV state of 9B were determined in addition
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to the previously discussed resonances. The multiplicities are inclusive, so, as an example,

the 8Beg.s. yield from the decay of 9Bg.s. is included in the 8Beg.s. multiplicity.

The ET bin centered on the observed peak is marked by the fatter data points near 8

MeV. If the intermediate resonances are associated mainly with the 12O peak and not with

the background beneath it, the multiplicities should have a maximum at the ET value for

the peak (Epeak
T ). This is clearly not the case. If the intermediate resonances come purely

from the background, the multiplicities should have a minimum at Epeak
T . According to the

fit in Fig. 5.2(a), the peak to background yield for the ET bin centered on the peak is ∼1:1.

So we expect a suppression of 50% at the peak ET relative to the trend from the other ET

bins. Again, this is also not the case. We can then conclude that all these intermediate

resonances are found in the peak and background with similar magnitudes. It is not possible

to make a more quantitative statement as the overall trend is non-linear. It is thus difficult

to determine if the peak multiplicities are larger or smaller than the overall trend.

We conclude that ∼50% of the events in the 12O peak decay by producing at least one

6Beg.s. and another ∼20% have a 9Bg.s. fragment. The latter is responsible for most of the

8Beg.s. yield. The fision-like channels 6Beg.s.+
6Beg.s. and α+8Cg.s. are responsible for ∼9%

and ∼6% of the yield respectively. The above analysis might miss wider intermediate states

that are subsumed by the background.

5.3 Momentum Correlations

The momentum correlations in a 2p decay can be presented as a 2D distribution [2] and

are usually given as energy (Ex/ET ) versus angle [cos θk = px · py/(pxpy)] plot where these

quantities are defined in the introduction. As a reminder, the quantity Ex in the Jacobi

T representation is the relatively energy between the protons (Ex = Epp), while in the

Jacobi Y representation it is the relative energy between the core and one of the protons

(Ex = Ep− core). In the Jacobi Y case, cos θk ∼-1 corresponds to a small relative angle
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Figure 5.4: Experimental momentum correlation plots for the ground-state 2p decays of 6Be,
12O, and 16Ne. Results are shown in both the Jacobi T (upper panels) and Jacobi Y (lower
panels) representations. The 12O data is from this work while the 6Be and 16Ne data are
from Refs. [10, 11].

between the momentum vectors of the two protons. Figure 5.4 shows a comparison between

the Jacobi 2D plots for 12Og.s. and those obtained for 6Beg.s. [10] and 16Neg.s. [11].

These data were obtained with the same detector setup and approximately the same beam

E/A value, so the effect of the detector resolution and efficiency will be similar. All channels

display features expected for 2p decay, most noticeably a suppression due to the Coulomb

interaction when one of the protons and the core share a velocity vector (see Ex/ET ∼ 0.56,

cos θk = ±1 in the Jacobi T representation) and when both protons share a velocity vector

(see Ex/ET ∼ 0.5, cos θk = −1 in the Jacobi Y representation). It is apparent that the

emitted protons have approximately the same energy, as the ridges in the Jacobi Y plots

are centered near Ex/ET ∼ 0.5. This kinematic signature corresponds to a prompt 2p

decay [22].

The results for 12O are very similar to those for 16Neg.s., and both differ in similar ways

from the 6Be results, having more yield for diproton-like decays (small Ex/ET in the Jacobi
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Figure 5.5: Projections of the (a) Jacobi T and (b) Jacobi Y 2D distributions on the energy
axis. Ground-state 2p emitters are plotted as histograms while 2p emission from isobaric
analogs is plotted as the data points.

T distributions and negative cos θk values in the Jacobi Y distributions). A comparison of

the correlations for these nuclei can be taken further by examining the projections of the 2D

plots on their energy axis. These projections are shown as the histograms in Fig 5.5. The

similarity of the 12Og.s. and 16Neg.s. distributions are confirmed by these projections. These

distributions confirm the predictions of the 3-body calculations of Grigorenko et. al. [79].

Also included in Fig. 5.5 are projections for the 2p decays of 12NIAS (which will be further

Table 5.3: Decay energies for prompt 2p emitters in Fig. 5.5.

Nucleus ET [MeV] Ref.
6Be 1.372 [89]

8BIAS 1.313 [89]
12Og.s. 1.688(29) this work
12NIAS 1.165(29) this work
16Neg.s. 1.466(20) [11]
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discussed in a later chapter) and 8BIAS [83]. The data can be divided into two groups that

have similar projections: the lighter p-shell nuclei 6Beg.s. and 8BIAS and the heavier 12Og.s.,

12NIAS, and 16Neg.s. systems. The decay energies for all systems are given in Table 5.3. The

similarity of the heavy systems is expected, as all of them have significant [s2
1/2]0 contributions

to their wavefunctions which dominates the 2p decay. 6Beg.s., however, is dominated by the

[p2
3/2]0 component with some mixing with [s2

1/2]0 under the barrier, with the final distribution

as a mixture of [p2
3/2]0 and [s2

1/2]0 components [90, 91].

Figure 5.6 shows the Jacobi Y momentum correlations for ET bins centered on the three

prominent peaks (0+
1 , 2+

1 , and 2+
2 ) in the 2p+10C invariant-mass spectra in Fig. 5.1(c). The

2+
1 bin contains contributions from the shoulder state and the 2+

2 bin contains a background

contribution. Examination of the neighboring region to these peaks suggest these contri-

butions have similar correlations. The correlations evolve from the prompt 2p decay for

the ground state [Fig. 5.6(a)] to a sequential-like decay for the 2+
2 state which displays two

vertical ridges [Fig. 5.6(c)]. The latter decay is more complicated than the classical notion

of sequential as we will see, but is it useful to determine which 11N intermediate state these

ridges are consistent with.

Figure 5.7 compares the experimental 2+
2 correlations to simulations of sequential decay

via the R-matrix formalism [92] through the 1/2− [panel (c)] first-excited state and the 3/2−

[panel (d)] fourth-excited state of 11N. Both simulations produced ridges in similar locations

to the experimental data. In these simulations, one ridge is vertical, corresponding to the

second emitted proton whose relative energy with the core is independent of angle, and a

sloping ridge, corresponding to the first emitted proton whose relative energy to the core

depends of the recoil imparted by the second proton and thus dependent on cos θk. In the

experimental data, the differentiation of the ridges into a vertical and sloping varieties is

not obvious. It is possible that both 11N intermediate states are involved and wash out

this differentiation. For example, the correlations plot in Fig. 5.7(b) was obtained from

incoherently adding the two decay paths with equal weight. If we have contribution from
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Figure 5.6: Jacobi Y momentum correlations for ET bins centered on (a) 0+
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1 , and
(c) 2+

2 states. The 2+
1 results in (b) contained contributions from the shoulder state. The

energy gates for the spectra are 1.43 < ET < 2.02 MeV for (a), 3.45 < ET < 4.04 MeV for
(a), and 5.85 < ET < 6.06 MeV for (c).
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the 3/2− 11N state, then it has a decay branch to the excited state of 10C, producing yield

in the shoulder state. This is discussed further in a later chapter.

While there is a sequential aspect to the 2+
2 correlations in Fig. 5.6(c), the yield of the

ridges decreases rapidly as cos θk →1. One expects a symmetric distribution about cos θk = 0

if there is no memory between the two decay steps, even if there is interference between the

two decay paths as the two intermediate states have the same parity. Figure 5.8 shows the

projection of the Jacobi Y distribution, corrected for the detection efficiency, as the square

data points. The data are selected with a narrow, 1.4-MeV wide gate at the peak of the

2+
2 state in an effort to reduce the background contribution. To estimate the remaining

background, a gate was placed lower in energy, between the two 2+ states (the triangular

data points), and higher in energy, above the 2+
2 state (open circular data points). The

background distributions are scaled to give the total background contribution as is seen in

the fits.

The data show a strong cos θk dependence, with a maximum occurring close to where

the relative angle between the two protons is θpp = 0. The background distributions have

significantly less θpp dependence, and thus is unable to explain all the θpp dependence seen

in the peak region. It is clear that the decay path deviates from the notion of independent

sequential decays in which the second decay has no memory of the first (apart from that

dictated by angular-momentum conservation). A similar observation was found for the 2p

decay of the 2+
1 state in 16Ne [93], where the preference for small relative angles between

the protons was explained in the 3-body model as an interference between sequential and

prompt decay components. The sequential decay of the 17Ne second excited state also shows

a preference for small θpp after the proton-proton final state interaction was considered,

but the magnitude was much smaller than observed here [94]. In the 17Ne case, the 16F

intermediate state had a much smaller decay width (Γ ∼20 keV) than the two possible 11N

intermediate states we determined for the decay of the 2+
2 state. This suggests that this

memory effect diminishes as the time between the two sequential decays increases.
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Figure 5.7: (a) Experimental 2D momentum correlations of the 2+
2 state of 12O, and simulated

momentum correlations of sequential decay through (b) a combination of the 1
2

−
and 3

2

−

second and fifth excited states of 11N, (c) the 1
2

−
states alone, and (d) the 3

2

−
state alone.

The dashed lines show the expected ridgelines when decaying through the 3/2− state, while
the solid lines indicate the ridgelines expected when decaying through the 1/2+ state.
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Table 5.4: Structure of the the first third 2+ states predicted with the Gamow coupled-
channel approach [19]

2+
1 , ET =3.803 MeV, Γ= 0.132 MeV

65% (s1/2, d5/2)
23% (d5/2, d5.2)
11% (s1/2, s1/2)

2+
2 , ET =5.150 MeV, Γ=1.027 MeV

94% (p1/2, p3/2)
1% (p1/2, p1/2)

2+
3 , ET =6.235 MeV, Γ=1.982 MeV

55% (s1/2, d3/2)
29% (s1/2, d5/2)
4% (p3/2, p1/2)
2% (d5/2, d5/2)
2% (p3/2, p3/2)
2% (S1/2, s1/2)

5.4 Comparison to GCC predictions

The structure of 12O states have recently been predicted with the Gamow coupled-channel

approach [19], which treats the nucleus as a two protons interacting with a deformed 10C core.

The wave function of the protons is expanded using the Berggren basis, which includes bound

and scattering states, thus considering the effects of the continuum. An initial comparison

with the experiment levels of 12O was made in [19] and the predicted ground-state width was

found to be similar to the experimental value. It is interesting to see if the sequential-decay

components of the observed 2+ states are consistent with the predicted internal structure.

The wavefunction components predicted for the three 2+ states are listed in Table 5.4.

The 2+
1 state has a sequential component which decays through the Jπ=1/2+ ground

state of 11N, consistent with the sequential removal of a d and then an s wave proton. This

matches well with the largest component of the predicted wavefunction for this state in

Table 5.4. This component and the next largest component (d5/2, d5/2) could also produce a

sequential decay contribution through the 5/2+ state in 11N (See Fig. 6.1), but as the decay

energy of the first proton would be small, the barrier penetration fraction appears to have
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suppressed it.

Our second observed 2+ state at ET =6.5 MeV is similar in energy to both the GCC

predictions for the second and third 2+ state. The two proposed sequential components

deduced from the correlation plot both involve the emission of two p-wave protons and thus

suggest that our observed 2+
2 level is also the second 2+ state in the calculations which is

dominated by a (p1/2, p3/2) structure. Indeed the two sequential decay paths can then be

interpreted as differing in the order in which the p1/2 and p3/2 proton are emitted.
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Chapter 6

11,12N

6.1 Introduction

The structure of 11,12N is an interesting question to consider along with the structure of 11,12O.

The sequentially decaying states of 12O decay through intermediate states in 11N, which

makes understanding the energies and widths of 11N a relevant and important question. The

decay energy and width of the proton decaying 11N ground state are not well defined. It is

important to further investigate this state, as it is clear from the 2D momentum correlations

for the first 2+ state in 12O that there is a sequential decay path through the 11N ground

state.

The isobaric analog state (IAS) of 12O has been seen in 12N [53]. The analog in 12N

undergoes prompt 2p decay to the isobaric analog of 10C in 10B. This was the second observed

case of direct 2p decay from an IAS to another IAS, the first case being 8BIAS →2p+6LiIAS

[82, 83]. It is interesting to consider higher-lying analog states in 12N and to investigate to

which states in 10B they decay.

.

The decay scheme shown in Fig. 6.1 shows the levels of interest in 11,12N. The scheme

also shows the sequential and direct decay paths of the 2p decaying states in 12O.
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6.2 11N Structure

6.2.1 p+10C spectrum

The ET spectrum from detected p+10C events is shown as the black histogram in Fig. 6.2(a).

From this spectrum we have subtracted two types of contaminations. First, a fraction of 11C

fragments leak into the 10C gate. To estimate the spectrum from such events, we have taken

the detected p+11C events and analyzed them as if the 11C fragment was 10C. This spectrum

is scaled by the probability of misidentification determined from the calibration beams to

give the red histogram in Fig 6.2(a). Its magnitude is only significant at very small values

of ET . Secondly, 12O→2p+10C events in which one of the protons was not detected will also

contribute to the detected p+10C events. To account for this, we have taken the detected

2p+10C events and randomly thrown away one of the protons, scaling the subsequent p+10C

invariant-mass spectra (blue histogram) based on the results of the Monte-Carlo simulation

to appropriately represent the number of contaminated events from this process.

The contamination-subtracted spectrum is shown as the data points in Fig. 6.2(b). The

labeled black arrows show the locations of levels listed in the ENSDF database. A strong

peak for the Jπ=1/2− first-excited state is observed, as is a smaller peak for the Jπ=3/2−

state. The 1/2+ (ground state) and 5/2+ levels, if present, are not resolved. The unlabeled

red arrows show the locations of new peaks necessary to fit the spectrum. The dominant 1/2−

peak has a high-energy tail which cannot be explained by its expected line shape. In fitting

the spectrum, we have assumed a new level just above the 1/2− peak in order to reproduce

the observed shape. More remarkable is the presence of a low-energy peak (ET ∼1.1 MeV)

well below the nominal ground-state energy of ET =1.49 MeV. It is unlikely that this is a

true p+10Cg.s. resonance, as we would expect it to have been observed already. Rather the

more reasonable explanation is that it represents a p decay to the Jπ=2+ first-excited state

of 10C which gamma decays (Eγ=3.354 MeV, see Fig. 6.1). Adding the γ energy moves this

peak to the same energy as the 3/2− level. Thus we conclude the Jπ=3/2− level has proton
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Table 6.1: Level parameters obtained from the fit to the p+10C invariant-mass spectrum of
Fig. 6.2(b).

ENSDF This Work
Jπ ET [MeV] Γ [keV] ET [MeV] Γ [keV] E∗ [MeV]

1/2+
1 1/2−1 2.220(30) 600(100) 2.216(5) 721(13) 0.726
? 2.563(10) 697(32) 1.073 or 4.416

5/2+ 3690(30) 540(40) 2.200
3/2− 4.350(3) 340(40) 4.475(5) 340 3.986

decay branches to both the ground and first excited state of 10C.

The solid curve in Fig. 6.2(b) shows a fit to the invariant-mass spectrum with 5 levels

(6 peaks), including the known states indicated by the black arrows and one new level.

R-matrix line shapes are used for all levels except for the new states where a simple Breit-

Wigner shape is assumed, as the decay orbital angular momentum is unknown. The energies

and widths of the unresolved 1/2+ and 5/2+ states were fixed to the ENSDF values, but

their presence allows for a good fit with a smooth background (blue dashed curve). The

fitted branching ratio of the 3/2− state is Γp0/(Γp0 + Γp1) = 0.64(6). Fitted energies and

widths are listed in Table 6.1.

6.2.2 11N ground state

The correlations in Fig. 5.6(b) for the 2+
1 state of 12O are dominated by a banana-shaped

structure in the diproton region (cos θk < -0.5). A look at the upper half of the correlation

plot reveals the presence of two clear ridges suggesting a sequential-like decay component.

As mentioned before, the sloping ridge corresponds to the emission of the first proton. The

sloping ridge is the one on the right in Fig. 5.6(b), so this proton has more energy than the

second one. As the decay scheme in Fig. 6.1 shows, the only level that the 2+
1 state can

decay through to give the correct energy ordering is the 1/2+ ground state of 11N. These

ridges are further investigated by the energy-projection of the relative energy between the

emitted protons and the core, Ecore−p, for cos θk >0.5, plotted as the data points in Fig. 6.3.

The resonance energy and width of 11Ng.s. is not well-defined as seen by the discrepancy
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Figure 6.2: p+10C invariant-mass spectra. (a) The raw spectrum is shown by the black
histogram. The red and blue histograms show estimates of the contamination from p+11C
events where the 11C fragment was misidentified as a 10C and from 12O→2p+10C events where
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Table 6.2: Decay energies and widths reported in the literature and in this work for the
proton-decaying 1/2+ ground state of 11N.

ET [MeV] Γ [MeV] Authors Ref.
1.30(4) 0.99+100

−200 Axelsson, et al. [95]
1.54(2) 0.83(3) Casarejos, et al. [97]
1.63(5) 0.4(1) Oliveira, et al. [96]
1.378(5) 0.779(12) This work

of level parameters from three studies [95, 96, 97] given in Table 6.2. By examining the

sequential-component, it might be possible to clear up some of the confusion about the

decay parameters of this state. The curves plotted in Fig. 6.3(a) show sequential predictions

obtained with the three different parameter sets in Table 6.2. The experimental data does

not appear to agree with a decay through the 11Ng.s as described by [96]. It is also difficult

to claim agreement with either [95] or [97], as the experimental peaks appear to lie directly

between the two curves. Our data would suggest an intermediate resonance energy to those

from [95, 97]. We provide our own fit to the data in Fig. 6.3(b). From the best fit to

the data, we report a decay energy of 1.378(5) MeV and a width of 0.779(12) MeV for the

proton-decaying ground state of 11N.

6.3 12N structure

6.3.1 2p+10B channel

Known low-lying 12N states were observed in the p+11C spectrum in Fig. 5.1(b). Higher-

lying excited states can be found in the 2p+10B spectrum in Fig. 6.4(b). This spectrum bears

a strong resemblance to the 2p+10C spectrum from 12O decay which is also reproduced in

panel (a) for convenience. Both spectra contain three prominent peaks with the same energy

spacing between them. In addition, the second of these peaks in both cases has a low-energy

shoulder. This surprising result suggests that all the peaks in the 2p+10B spectrum are

analogs of the observed 12O levels. Indeed, the lowest-energy peak was also observed in the
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Table 6.3: Fitted parameters for 12N states observed in the 2p+10B invariant-mass spectrum
of Fig. 6.4(b), the 2p+α+6Li spectra in Figs. 6.5(c) and 6.5(d), and the 3p+9Be spectrum
in Fig. 6.6.

Observed Intermediate Jπ E∗
nγ[MeV ] E∗ [MeV] Γ [keV] σ (mb)

Channel Channel
2p+10B 0+ 10.502(4) 12.242 (4) <100 0.164(6)
2p+10B 2+ 12.574(4) 14.314 (4) 193(26) 1.04(2)
2p+10B 2+ 15.252(11) 16.992(11) 420(120) 1.85(6)

2p+α+6Li α+8BIAS 18.408(66) 21.970(66) 649(49) 0.0635(4)
2p+α+6Li 6Beg.s.+

6LiIAS 18.569(86) 22.131(86) 702(170) 0.1075(72)
3p+9Be 22.158(23) 22.258(23) 138(79) 2.05(20)

invariant-mass study of Jager et al. [53] and it was argued that it was produced by the

prompt 2p decay of the Isobaric Analog State (IAS) of 12O in 11N to the IAS in 10B. The

latter subsequently γ decays. This represented a second example of prompt 2p decay from

one IAS to another [98]. The other example is the IAS of 8C in 8B which 2p decays to the

IAS state in 6Li where the γ ray from the decay of 6LiIAS was observed [83]. In both cases,

prompt 2p decay was the only particle-decay mode which conserved both energy and isospin.

If these other states are also analog states (T=2), then the two higher-energy states are

both Jπ=2+ and also involve 2p decay to the IAS of 10B. The low-energy shoulder on the

lowest 2+ peak can again have contributions from three possible sources, i.e. from T=2,

Jπ=0+ or 1− levels or from a decay branch of a higher-energy 2+ state which decays to

the first T=1, Jπ=2+ state in 10B (Fig. 6.1). The red solid curve in Fig. 6.4(b) shows a

fit obtained with Breit-Wigner intrinsic line shapes and where the third origin of the low-

energy shoulder is assumed. Figure 6.4(a) shows a similar fit to the 2p+10C decay channel of

12O, assuming a decay through the excited state of 10C. The known energy of the first T=1,

Jπ=2+ 10B state is used to constrain its E∗
nγ centroid relative to the fitted value for the second

2+ state. The fitted branching ratio is 0.087(12) which is smaller than the corresponding

number obtained for the 12O→2p+10C shoulder state.

Although the 2p+10B and 2p+10C spectra in Fig. 6.4 have similar structure, the obvious

difference is the much smaller relative yield for the 12NIAS peak (E∗
nγ=10.502) compared to
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that for the other peaks. The cross sections for the 2+
1 and 2+

2 states have similar magnitudes

for both the 12O→2p+10C and 12N→2p+10B spectra (compare values in Tables 5.2 and 6.3),

with the 12N values 15-20% lower in magnitude even if the shoulder yield is added to the

contribution from the main 2+
2 peak. Compared to this, the 0+ 12N state is reduced in

magnitude by a factor of 4.4 relative to its 12O analog.

The simplest explanation would be that 12NIAS has one or more other decay branches

which account for most of the decay leaving the 2p branch with only ∼30% of the yield.

If these other branches involve particle emission, then they must violate isospin symmetry,

but no candidate peaks were observed in other 11N exit-channels. We cannot rule-out other

particle-decay branches as some of these will have very low detection efficiency, e.g., single-

proton decay to the 11Cg.s. where the emitted proton will mostly travel to angles outside the

detectors angular acceptance. Another possibility is that the 12NIAS has a significant M1 γ

decay strength to the ground state which would satisfy the spin and isospin selection rules.

6.3.2 2p+α+6Li channel

While the analogs of the low-lying 12O levels have been found, we have also searched for

the analog of the higher-lying 12O level observed in the 4p+2α channel. Given the large

number of decay paths inferred for this state, it is reasonable to assume multiple exit-channels

associated with the analog state, some of which would contain unbound neutrons. The analog

of the fission-like 6Beg.s.+
6Beg.s and α+8Cg.s. channels in 12O would be 6Beg.s.+

6LiIAS and

α+8BIAS which would populate the 2p+α+6Li+γ exit channel. No peaks are observed in

the raw 2p+α+6Li invariant-mass spectrum, but with suitable gating the analogs can be

found. The 2p+α and 2p+6Li subevents are shown in Fig. 6.5(a) and 6.5(b), respectively.

The peak observed in the 2p+6Li exit channel [Fig. 6.5(b)] is consistent in energy and

width to a peak observed following proton knockout from a 9C beam. It was identified as

a 8BIAS →2p+6LiIAS decay where the γ ray from the decay of 6LiIAS was observed in a

subsequent experiment. Gating on the 8BIAS peak produces the 2p+α+6Li invariant-mass
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spectrum in Fig. 6.5(d). Taking into account the energy of the unobserved gamma ray

(3.563 MeV), the excitation energy of the 12N→ α+8BIAS state is at 21.970(66) MeV.

A 6Be ground-state peak is observed in the invariant-mass spectrum for the 2p+α subevents

[Fig. 6.5(a)]. Gating on this peak produces the invariant-mass spectrum in Fig. 6.5(c). In

principle this peak could correspond to either a 6Be+6Lig.s. or 6Beg.s.+
6LiIAS decay. However,

the fitted E∗
nγ values and widths of the peaks in Figs. 6.5(c) and 6.5(d) (given in Table 6.3)

are consistent, suggesting that they are decay branches of the same state. Thus the peak in

Fig. 6.5(c) corresponds to the fission-like 6Beg.s.+
6LiIAS decay.

6.3.3 3p+9Be channel

As the 12O→4p+2α peak appears to have a significant probability of decaying to 9Bg.s.

intermediate states, its analog in 12N could decay to the 3p+9Be exit channel. The invariant-

mass spectrum for these events is shown in Fig. 6.6(b) and displays a well resolved peak at an

excitation energy consistent with that inferred for the 12N→2p+α+6Li peaks. See Table 6.3

for comparison of peak parameters from Breit-Wigner fits. However the fitted intrinsic width

of this state is considerably smaller than the (T=2) 2p+α+6Li peaks, indicating that it must

be associated with a different 12N level. It may even be a T=1 state. However we suspect it

is a T=2 state, implying that the observed peak in the analog spectrum, 12O→4p+2α, is a

multiplet.

Further information on the decay of this state can be gleaned from the invariant-mass

spectrum of the p+9Be subevents in Fig. 6.6(c). A prominent peak at E∗ ∼7.47 MeV is

observed which could be one or both of the E∗=7.470-MeV (Jπ=2+, T=0) and E∗=7.479-

MeV (Jπ=2−, T=1) excited states of 10B. The multiplicity of this peak is plotted as a

function of 12N excitation energy in Fig. 6.6(a). The smooth green dashed curve was fitted

to excitation-energy bins beyond the peak region and suggests that there might be a small

enhancement of this intermediate state at the peak energy. However, this curve is not well

constrained for energies below the peak value. Nevertheless, it is clear that this intermediate-

82



 (MeV)γn
*E

7 8 9 10 11

C
ou

nt
s

0

100

200

300 Be9+p→B10(c)
-T=1,J=2
+T=0,J=2

++2-T=1,J=3

20 25 30 35

C
ou

nt
s

0

50

100 Be9+p 3→N12(b) 

m
ul

tip
lic

ity

0

0.2

0.4

0.6

0.8

1

 multiplicity++0-T=2,J=2B10(a) 

Figure 6.6: (a) The multiplicity of the low-energy peak in (c) as a function of excitation
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single Breit-Wigner level and smooth background (blue dashed curve). (c) Invariant-mass
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state peak is associated with a significant fraction of the 12N→3p+9Be peak yield. If the

12N state is T=2 as suspected, then the intermediate state must be the T=1, Jπ=2− state.

We also see a suggestion of some smaller yield for the T=1, Jπ=3−(E∗=8.887 MeV) and

2+ (E∗=8.895 MeV) 10B states in the p+9Be spectrum in Fig. 6.6(c), but it is difficult to

extract multiplicities as the relative magnitude of the background is much larger.

6.4 Analog States

To further explore the analog states in 12O and 12N we have looked at their consistency with

the other A=12 quintet states. Figure 6.7 plots the levels scheme of the newly found levels

relative to the energy of the lowest T=2, Jπ=0+ state. In addition, T=2 levels for 12B [13]

and 12Be [14] are included. There is good consistency for the energy of the first T=2 Jπ=2+

state. The second such 2+ state in 12Be is not known, but a state at E∗=4.580 MeV has

been assigned as either 2+ or 3− [14]. This state is at the right energy to be the mirror of

the 2+
2 state in 12O and thus leads us to strongly favor the 2+ assignment.

The masses in an isospin multiplet are expected to follow the isospin multiplet mass

equation (IMME),

∆M = a+ bTz + cT 2
Z , (6.1)

if isospin is a good quantum number [99]. The largest deviations from this behavior have

been found for A=8 and 9 [99, 100, 98]. Deviations from the IMME for A=12 quintet were

previously examined in [53], but with our newer, more accurate measurement for 12O and

12N it is worth examining again. The mass excess for the quintets associated with the 0+ and

first and second 2+ T=2 states are plotted in Fig. 6.8(a). Results for 12C were taken from

[14] and for the second 2+ state of 12Be, we have included the candidate state previously

mentioned. The curves show fits with the quadratic IMME which can reproduce the data

validating our assumption that the 12N states are T=2.

Figure 6.8(b) shows deviations from the quadratic form for the two lower-energy quintets.
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The error bars on some of the points for the 2+ states are too large to look for meaningful

deviations from the IMME. In the case of the 0+ states, if we include a cubic term (dT 3
z ) to

Eq. (6.1), then we find d = 1.6(37) keV consistent with zero and small compared to values of

d=8.36(21) keV for the A=8 quintet and d=6.33(16) keV for the A = 9 quartet [101]. There

is thus no evidence for deviations from the quadratic IMME for the A=12 quintet.

The fission-like channels 6Beg.s.+
6Beg.s.,

6Beg.s.+
6LiIAS, α+8Cg.s., and α+8BIAS remind

us of the 6He+6He and α+8He decay channels for levels in 12Be observed in [102, 103] and

which were associated with a molecular α:2n:α band structure [102]. The lowest member

of this band was subsequently found at E∗=10.3 MeV [104, 15] and shown to be Jπ=0+.

The location of this level is plotted in Fig. 6.7 for comparison. While its excitation energy

would be appropriate for an analog to the fission-like states we observed in 12O and 12N, its

quoted width of Γ = 1.5(2) MeV is too large to be consistent as higher TZ systems are closer

to stability and thus should have smaller widths. In any case these fission-like decay modes

suggest these states have strong cluster structure.

87



Chapter 7

10N

7.1 Introduction

The nuclide 10N, which is proton unbound in its ground state, has been the subject of very

few experimental studies. The ENSDF database [14] only presents information from one

study by Hooker et al. [16], where level energies and widths for the ground and first excited

state were deduced from resonant proton scattering on 9C. These two states were found to

be s-wave resonances and thus should correspond to Jπ=1− and 2−, but their energy order

could not be determined.

The mirror of 10N, 10Li, is neutron-unbound but the description of its ground state is

complicated by the likely presence of a virtual state [105, 106]. Understanding of the n-9Li

interaction is also important for understanding the iconic nucleus 11Li which has an extended

neutron halo [40]. In the same sense, the 10N resonances are important in understanding

the structure of the newly discovered 11O system [107]. The ground and excited states of

this nucleus undergo 2p decay and the 10N levels represent possible intermediate states in

sequential-decay branches [60, 19].

This chapter presents a new data on the low-lying 10N states created in multi-nucleon

knockout reactions from a fast beam of 13O. Fitting of the invariant-mass spectrum provides
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resonance parameters (energy and width) of the first excited state for both the possible level

orderings. When these constraints are applied to the resonance-scattering data of Hooker et

al. [16], a favored ordering of the two low-lying states in 10N emerges.

7.2 Invariant-mass Spectra

The invariant masses Minv of detected p+9C coincidences were determined and the decay

kinetic energy of 10N states was obtained as by subtracting the masses of the decay products,

i.e., ET = Minv − Mp − M9C . The spectrum in Fig. 7.1(a) shows the raw ET spectrum

determined for |cos θp| <0.5 where θp is the emission angle relative to the beam in the

10N center-of-mass frame. This gate on transverse emission improves the invariant-mass

resolution as demonstrated in [28]. We have identified three sources of contamination which

are also shown in this figure.

The light output of the CsI(Tl) crystals from the calibration beams show a low-energy

tail due nuclear reactions in the crystals. This tail causes some heavier carbon isotopes to

be misidentified as 9C. To estimate this component, we have analyzed p+10C and p+11C

events as if the detected carbon fragment was 9C. These distributions were scaled by the

magnitude of the contamination determined with the calibration beams (∼0.5%). The largest

contribution from this effect comes from the proton decay of the Jπ=2+
1 first-excited state of

12N which produces the peak at ET ∼330 keV. Two-neutron knockout reaction produce 11O

states which decay to the 2p+9C channel [107]. If only one of the two proton is detected, then

these events will populate the experimental p+9C spectrum. We have taken the detected

2p+9C events and randomly removed one of the protons to give a p+9C invariant mass. This

invariant distribution was scaled based on our Monte Carlo simulations to give the correct

magnitude of this contamination.

The contamination-subtracted distribution is plotted as the data-points in Figs. 7.1(b)

and 7.1(c). The spectrum contains one wide peak with a maximum at ET ∼2.6 MeV.
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Figure 7.1: (a) Raw experimental p+9C invariant-mass distribution (black) and the estimated
contamination from p+10C and p+11C events where the carbon fragment was misidentified
as 9C. The contamination from 11O→2p+9C events where only one of the two protons is
detected is also shown. (b,c) Contamination-subtracted spectrum (data points) with two-
level fits (solid red curve). The contribution from each level is shown as the dotted curves
while the fitted smooth background is shown as the blue-dashed curve. The fits are shown
for ground-state lineshapes expected for (b) a Jπ=1− level or (c) a Jπ=2− level.
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Based on the level parameters determined in the resonance-scattering experiment, this peak

is dominated by the decay of the first-excited state, with only minor contribution from the

ground-state decay at the lower ET values. As such, this data can be used to better constrain

the excited-state level parameters and these can subsequently be used to further constrain

the analysis of the resonance-scattering data. We have thus fit the invariant-mass spectrum

as the sum of two R-matrix lines shapes. The ground-state parameters are fixed to the values

obtained in the resonance-scattering analysis while the excited-state values are allowed to

vary. This fitting was performed with the two ground-state solutions of [16], i.e. where the

1− or the 2− level is the ground state

In the isolated level approximation [92], the lineshape for a channel λ is given by

D(E) ∝ Γλ(E)

(Eλ + ∆λ(E)− E)2 + 1
4
Γλ(E)2

(7.1)

where energy-dependent decay width is

Γλ(E) = 2Pc(E)γ2
λc (7.2)

and

∆λ(E) = − (Sc(E)− Sc(Eλ)) γ2
λc. (7.3)

Here Pc(E) are the penetration factors and Sc(E) are the shift functions given in [92] and,

following [16], we set the channel radius ac=5 fm. The fit parameters include the magnitude

of each level, the width and centroid of the excited state and some parameters describ-

ing a smooth background. These lineshapes were used in the Monte Carlo simulations to

incorporate the effect of the detector efficiency and resolution.

The fits are shown as the solid red curves in Figs. 7.1(b) and 7.1(c) with contributions

from the individual levels shown as the dotted curves and the blue-dashed curve is the fitted

background. Excellent agreement with the experimental data is obtain with both ground-
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state solutions. The fitted R-matrix parameters are listed in Table 7.1. We point out that

the excitation energy and the reduced width for the first excited state are well defined by

the invariant mass spectrum and they are almost independent on the specific spin-parity

assignment.

7.3 Discussion

In the original R-matrix fit of p+9C resonance scattering data of Hooker et al [16], excitation

energies and reduced widths for both the ground and the first excited states were considered

as free parameters. The two solutions (2− g.s. and 1− excited state, and 1− g.s. and

2− excited state) produced almost identical fits shown as a solid black curve in Fig. 7.2

(normalized χ2=1.3 in both cases). However now using the invariant-mass-deduced paired

values of the c.m. energy and reduced width (for the first excited state) yields a noticeable

difference between the 2−/1− and 1−/2− solutions. The 2− ground-state solution, shown

as a red-dashed curve in Fig. 7.2, reproduces the resonance scattering excitation function

better than the 1− ground-state solution. The latter is visually worse (blue-dotted curve in

Fig. 7.2) and has χ2=3.6 vs χ2=2.1 for the 2− ground-state solution.

Therefore, by combining the two different data sets, the p+9C resonance scattering and

the p+9C invariant-mass spectrum produced in multi-nucleon knockout reactions with fast

13O beam, the preferred 2− spin-parity assignment was obtained for the ground state of 10N.

The preferred 2− spin-parity assignment is not surprising. The relevant systematics for

neighboring odd-odd nuclei are shown in Table 7.2. In every case the spin-spin interac-

tion between a valence proton(neutron) in the 2s1/2 shell and an unpaired 1p3/2-shell neu-

tron(proton) in the core makes the higher spin partner more bound (or less unbound). The

corresponding 2− and 1− states are well known in 12N, 12B, and 10B [108, 109]. In 8B the

2− state has been observed as a broad resonance [110], but the 1− state has not been found,

so it is very likely that it is more unbound. The recent measurements of the 7Be+p s-wave
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Figure 7.2: Excitation function for 9C+p resonance elastic scattering. Data is from Ref.
[16]. The black solid curve is the best R-matrix fit from Ref. [16] that was obtained using
2− g.s. and 1− excited state spin-parity assignment for the two broad s-wave resonances.
(The 1−/2− solution is almost identical, so it is not shown). The red dashed curve is the
2− ground state and 1− excited state and the blue dotted curve is the 1− ground state and
2− excited state, but with parameters for the excited state taken from the invariant mass fit
(Table 7.1).
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Table 7.1: Fitted R-matrix parameters for the 1− and 2− state with the two energy orderings.
The centroid and width of the states calculated from the pole (Epole− iΓpole

2
) of the S-matrix

are also shown.
Jπ Eλ γλc Epole Γpole

MeV MeV1/2 MeV MeV
2− ground-state solution

2− 1.741 1.281 1.268 1.130
1− 3.078(28) 0.966(26) 2.681 2.151

1− ground-state solution
1− 1.450 1.133 1.191 0.976
2− 3.062(32) 1.009(22) 2.596 2.820

Table 7.2: Systematics for splitting due to interaction between a 2s1/2-shell valence pro-
ton(neutron) with a 1p3/2-shell unpaired neutron(proton) in light nuclei.

State Excitation Energy Ref.
MeV

12N, 11C(3/2−)+p(2s1/2)
2− 1.19 [108]
1− 1.80 [108]

12B, 11B(3/2−)+n(2s1/2)
2− 1.67 [108]
1− 2.62 [108]

10B, (9Be(3/2−)+p(2s1/2)) × (9B(3/2−) + n(2s1/2))
2− 5.11 [109]
1− 6.873 [109]

8B, (7Be(3/2−)+p(2s1/2)
2− 3.5 (a2−=-3.2(5) fm) [110, 111]
1− a1−=17(1) fm [111]

scattering lengths [111], a2− = −3.2(5) fm and a1− = 17(1) fm, clearly indicate stronger

attraction for the 2− partial wave.

This finding is consistent with Nordheim’s second jj coupling rule [112] (nominally for

unpaired nucleons in the same Schmidt class) that higher resultant spins are favored. This

rule is made stronger, and unambiguous, by the Brennan-Bernstein revisions [113] where,

when either the proton or neutron has j=1/2, the ground state is the additive (i.e. the

greater) spin. This is true for all cases in Table 7.2. (The actual ground state of 10B follows

from the same rule when the single-particle configurations are both p-shell.)
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In using the invariant-mass lineshape from knock-out reactions to constrain resonance-

scattering we are assuming there is no reaction dependence. This is certainly true for nar-

row resonances, however for very wide resonances some dependence has been predicted.

For example, a large dependence of the lineshape was predicted for the second 2+ state in

6Be(Γ ∼7 MeV), formed in neutron knockout reactions from a 7Be beam, depending on

the assumed structure of 7Be [114]. However for the narrower 2+
1 state (Γ=1.1 MeV), the

effect was minor. In this work, the excited 10N state has width of Γ=2-3 MeV so there is

a possibility of a modest effect which may cast some uncertainty on our final results. A

modest reaction dependence might explain the somewhat worse fit when the invariant-mass

parameters were used (for the first excited state) as compared to the original unconstrained

fit. Until this effect can be better characterized, the present result still represents the best

constraint on the spin-parity assignments for the 10N levels.

In conclusion, an analysis that utilizes both 9C+p resonance scattering and invariant-

mass data favors the spin-parity of the 10N ground state to be 2−. Even for the truly exotic

nucleus, Nordheim’s rules, still rule.
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Chapter 8

Experimental Verification of the

JSIR-BVM Approach for Computing

Proton Stopping Power Ratios

8.1 Background

8.1.1 Goals

Proton-beam therapy is of major clinical interest because of the rapid dose fall-off at the end

of the proton-beam range. This feature of proton beams allows for the sparing of healthy

tissue distal to the tumor site, or clinical target volume (CTV), and for increased dose

uniformity. These advantages depend, however, on accurate alignment with the distal edge of

the CTV. Current clinical practice dictates an additional 2-3.5% margin on the proton range

calculated from single energy CT-based stopping power mappings [115, 116, 117]. Thus,

improving proton therapy’s efficacy requires improving patient-specific stopping power ratio

(SPR) mapping.

Dual-energy CT (DECT) methods have been developed for estimating SPR distributions.

DECT techniques scan at two energies in an effort to extract two independent properties
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of the scanned material, often electron density (ρe) and effective atomic number (Zeff ), as

variations in these quantities lead to more robust SPR estimation than the single energy cal-

ibration method [118, 119, 120]. This method involves mapping single energy CT Hounsfield

units (a quantitative standard scale used for describing radiodensity) to SPR for biological

tissues by use of a calibration curve [121]. What this chapter presents is the experimen-

tal verification of a new, very accurate, non-image-based iterative reconstruction method of

proton stopping power ratios.

8.1.2 The JSIR-BVM

Sinogram-based DECT methods have been shown to better compensate for the polychro-

matic nature of CT x-ray beams and improve performance over image-based reconstruction

models [122, 123]. As mentioned in the introduction, a sinogram is defined as the Radon

transform of the attenuation coefficient plotted with detector index and the rotation angle of

the source-detector pair as independent variables. The sinogram can then be reconstructed

into a cross-sectional image of the scanned material.

In the past, a linear basis vector model (BVM) has been investigated that parameterizes

tissue properties as a linear combination of two basis materials [124, 125, 126]. The model has

been shown to accurately approximate monoenergetic proton cross-sections and proton SPRs.

This model can be used in conjunction with a model-based joint statistical reconstruction

(JSIR) algorithm, the dual-energy alternating minimization (DEAM) algorithm [127], to

reconstruct SPR maps from sinogram data. The DEAM algorithm is an iterative algorithm

that reconstructs quantitatively accurate images based on a CT forward model. Previous

studies have shown that that JSIR-BVM approach provides more accurate and precise proton

SPR mapping than image- or sinogram-based decomposition approaches [128] and that the

approach could be used on raw DECT data exported from a clinical scanner to accurately

reconstruct proton SPRs [129].

Proton SPR is linked to DECT measurements by using the BVM to parametrize the
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photon linear attenuation coefficient and stopping power as a linear combination of two

dissimilar basis materials [124, 125, 126]. This approach is directly applied by reconstructing

two images of the BVM weights using the DEAM algorithm and estimating electron density

and mean excitation energy from the reconstructed BVM weights. These quantities are then

used to calculate the SPR using Eq. 1.7. To reconstruct the images of the BVM weights from

dual-energy sinogram data, the DEAM considers a statistical, polychromatic CT model to

reconstruct both BVM images by solving a penalized maximum likelihood estimation (MLE)

problem. Maximum likelihood estimation is used to estimate a set of parameters (in our

case, the BVM weights) that best model observed data. MLE obtains these parameters by

maximizing a likelihood function, though, as will be discussed shortly, one can also minimize

the difference between observed data and the statistical model.

The statistics of energy integrating detectors in clinical CT scanners are approximately

Poissonian [130], so the obtained transmission data, dj(y), are independently Poisson dis-

tributed with means

Qj(y : µ) = I0,j(y)
∑
E

ψj(y, E)e−
P

x h(y|x)µ(x,E) + γj(y), (8.1)

where I0,j(y) is the unattenuated source intensity spectrum for each detector, ψj(y, E) is the

normalized detector-response weighted spectrum of the jth scan, γj(y) is the mean of the

background events (scattered radiation), and h(y|x) is the effective length of the intersection

of the ray path (y) and the image pixel (x). The scanner’s bow-tie filter, a filter placed after

the source that is intended to reshape and equalize the x-ray flux across different detector

channels during a clinical scan of a patient, creates a detector dependence in the source

intensities and spectra.

In the BVM, the x-ray linear attenuation coefficient for human tissue is represented by

a linear combination of basis materials,

µ(x,E) = c1(x)µ1(E) + c2(x)µ2(E) (8.2)
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where µi(E) are the linear attenuation coefficients of the basis materials and ci(x) are the

corresponding tissue-specific BVM weights. Equation 8.2 can be combined with Eq. 8.1 to

yield

Qj(y : c) = I0,j(y)
∑
E

ψj(y, E)e−
P

x h(y|x)
P2

i=1 ci(x)µi(E) + γj(y). (8.3)

The MLE of the BVM components is found by converting the maximization of the the

Poisson log-likelihood function to an equivalent problem [131], the minimization of the I-

divergence (a measure of the discrepancy between two nonnegative functions) between the

measured transmission data dj and the estimated mean values Qj,

dI(dj||Qj) =
∑

y

(
dj(y) log

dj(y)

Qj(y)
− dj(y) +Qj(y)

)
. (8.4)

To enforce image smoothness, a regularization term is also employed. The objective function

of the minimization problem, including this regularization term, is then

g(c1, c2) =
∑

j=L,H

dI(dj||Qj) + λ
2∑

i=1

R(ci), (8.5)

where λ determines the level of regularization, controlling the trade-off between image

smoothness and data fitting. R(ci) is a term that penalizes differences between neighboring

pixels.

Direct minimization of Eq. 8.5 is difficult, so the DEAM algorithm instead alternatively

minimizes a decomposed surrogate function during each iteration, ensuring a monotonic

decrease of the objective function. See Ref. [127] for details on the DEAM.

8.1.3 The BVM for Computing Proton SPR

The electron density and mean excitation energy used for calculating SPR are obtained

from the reconstructed BVM weight images. The electron density for a tissue can be easily

99



calculated by the linear combination [125]

ρ̂e(x) = c1(x)ρe,1 + c2(x)ρe,2, (8.6)

where ρe,i are the electron densities of the basis materials weighted by the BVM weights

obtained from the images. This relationship can be extended to non-biological materials

with similar compositions to tissues, which is relevant for the experiments presented in this

chapter.

The I-value, however, cannot be determined directly from CT images. We use an esti-

mation that relates the logarithm of the I-value to the weighted-componeent ratio

rc(x) =
c1(x)ρe,1

c1(x)ρe,1 + c2(x)ρe,2

. (8.7)

This has been shown to be a robust estimation method [129]. Thus, the estimated I-value is

Î(x) = exp(a · rc(x) + b), (8.8)

where a and b are fitted parameters.

8.2 Experimental Methods

8.2.1 CT Experiment

Rigid cylindrical PVC containers, of length 10 cm and diameter 5 cm, containing the liquids

in Table I were scanned on a Phillips Brilliance Big Bore CT scanner. The composition and

densities of the materials are also given in Table I. The compositions were determined by

measuring the mass of the solute and the mass of the deionized water solvent at the time

of production. The densities were determined by measuring the mass of 100mL samples of

the materials on a quantitative balance. The set-up for the scan of the three soft tissue
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Figure 8.1: A front-view image of the bottles containing the three soft tissue surrogates in
their scan geometry. The x-ray source is above the bottles out of the frame, and the detector
array is below out of the frame.

surrogates is shown in Fig. 8.1.

The materials are intended to serve as tissue surrogates, and are divided into two cate-

gories, bony and soft tissue. The bony materials are aqueous K2HPO4 solutions and the soft

tissue materials are composed of water and alcohols. A container containing no material,

only air, was also scanned.

The materials were scanned at 4 different beam collimations: 3 mm, 6 mm, 12 mm,

and 24 mm. The tube potentials were set to 90 kVp (600 mA·s) and 140 kVp (200 mA·s).

The potentials listed are the endpoint (maximum) energies of the emitted polychromatic x-

rays. All data presented here were obtained by analyzing the scans with 3 mm collimation.

The spectra of the two endpoint energies were determined using the equivalent spectrum

method, as explained in [132]. The spectra were measured by fitting the Birch-Marshall

model to measured beam transmission profiles through varyingly-thick aluminum and copper

attenuators. This scan protocol is very similar to the one discussed in [129].
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Table 8.1: A summary of the properties of the aqueous solutions used in these experiments.

Category Material Composition Density (g/mL)
Soft Ethanol C2H5OH 0.789

n-Propanol C3H7OH 0.803
n-Butanol C4H9OH 0.826

Water H2O 0.997
Bony KP-1 K2HPO4 (10.26%) 1.085

KP-2 K2HPO4 (20.81%) 1.174
KP-3 K2HPO4 (28.96%) 1.261
KP-4 K2HPO4 (34.64%) 1.338

8.2.2 Proton Experiment

The stopping power ratios of the liquid samples were measured directly using a MEVION

S250 superconducting synchrocyclotron. A proton beam was delivered with a water pene-

trating depth of 25 cm and was collimated to a 25 cm2 square using brass blockers. The

containers filled with the samples were sandwiched between the brass collimator and a wa-

ter tank outfitted with a moving ion chamber. The proton beam was passed through each

sample individually, and an IBA PPC05 parallel plane ion chamber was scanned along the

beam path, measuring the delivered dose to find the Bragg peak. The ion chamber was set

to measure the dose along the beam path in 1 mm steps, measuring at each point for 2

seconds. When the location of the Bragg peak was found, each point in the Bragg region

was then measured for 8 seconds to sample the dose in the region with higher statistics. The

experimental setup is shown in Fig. 8.2. The ion chamber’s isocenter is located right next

to the proximal tank wall, near where the blockers are placed.

The location of the Bragg peak is directly related to the range of the incident protons.

The range, defined as the distance traveled by a charged particle before stopping, of particle

radiation in matter is determined by the kinetic energy of the particle and the stopping

power of the material it passes through. By passing a proton beam of constant energy

through samples with different stopping powers, the stopping power ratio (SPR) of each
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Figure 8.2: The setup used for the proton stopping power measurements. The water tank is
on the left, with the the ion chamber apparatus near the right wall. The sample is sandwiched
between where the blockers are placed and the water tank.

sample relative to water can be determined, as defined by the equation

SPR =
Rair −Rsample

Rair −Rwater

, (8.9)

where Rair is the range after passing through air, Rsample is the range through the sample,

and Rwater is the range through water.

An alternate formulation of the SPR is

SPR =
Rair −Rsample

L
, (8.10)

where L is the inner length of the container. A useful check of our method is to investigate

if the relationship L = Rair − Rwater holds. The value extracted for Rair − Rwater is 99.77

mm. This is within the tolerance of our bottles which were manufactured to have an active

inner length of 100.00 ± 0.25 mm, which lends confidence in this approach.
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Figure 8.3: A reconstructed proton SPR map of the alcohol samples. The z-axis is the
reconstructed proton SPR.

8.3 Analysis and Results

A proton SPR map reconstructed using the JSIR-BVM of the soft tissue samples pictured

in Fig. 8.1 is shown in Fig. 8.3. The material-specific I-value parameterization is the same

as in [129]. For reference, it is defined as

ln I =


−1.746rc + 5.835, rc ≥ 0.75,

−0.269rc + 4.551, rc < 0.75.

(8.11)

Using this parameterization and Eqs. 8.6 and 8.7, it is possible to define the SPR for the

tissue surrogates as

SPR =


1.056 · c1 + 0.973 · c2, rc ≥ 0.75,

1.033 · c1 + 1.154 · c2, rc < 0.75,

(8.12)

where c1 and c2 are the reconstructed weights.

Figure 8.4 shows three normalized dose depth curves created using data taken from the
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Table 8.2: The reconstructed properties of the tissue surrogates and a comparison of the
theoretical, the reconstructed, and the directly measured SPR.

Material ρe/ρe,w I (eV) Theoretical SPR Reconstructed SPR Experimental SPR
Ethanol 0.804 63.1 0.820 0.824 0.825

n-Propanol 0.821 61.5 0.840 0.844 0.843
n-Butanol 0.826 60.5 0.847 0.856 0.851

Water 0.997 75.3 1.000 1.000
KP-1 1.076 80.6 1.068 1.073 1.066
KP-2 1.165 86.7 1.146 1.145 1.151
KP-3 1.235 91.7 1.207 1.203 1.200
KP-4 1.288 95.5 1.253 1.249 1.253

Figure 8.4: Normalized data taken using the setup shown in Fig. 8.2 for three different
samples, denoted by the colored curves. The location of the Bragg peak clearly shifts between
samples, moving closer to the proton source as the stopping power of the materials increase.
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experimental setup in Fig. 8.2 for three different samples. The Bragg peaks for the three

materials are clearly seen. It is also clear that they are spread out relative to each other,

with the bony tissue surrogate (the K2HPO4) located closer to the isocenter than water,

and quite far from the Bragg peak of the soft tissue surrogate, propanol. This conforms to

our expectation, that by passing protons through a uniform path length of materials with

varying stopping powers, we can shift the detected Bragg peak. For the purposes of this

experiment, a Bragg peak location at a smaller distance relative to the isocenter corresponds

to a material with a higher relative stopping power ratio.

The Bragg peak locations are used as the ranges in Eq. 8.9. The location of the Bragg

peak for each material is determined by fitting the normalized dose-depth curve with a sum

of five Gaussians and minimizing the equation

min
x
f(x) = 1−

5∑
i=1

ai exp−(x− bi)
2

c2i
, (8.13)

where ai, bi, and ci are fitted parameters. This is equivalent to finding the maximum point

of the fitted function, which corresponds to the peak dose delivered.

Table 8.2 shows the reconstructed electron density ratios, mean excitation energies, the

resulting SPR values, and the experimentally measured SPR values. A full error analysis has

not been carried out for the experimental values, but there appears to be good agreement

between the three values for most of the surrogates.

It is useful and illustrative to compare the water equivalent path length (WEPL) of the

reconstructed images and ones generated using the directly measured value of the stopping

power ratio. The WEPL is defined as a distance traveled by a beam of charged particles

passed through matter that is equivalent to the distance were the charged particles to pass

through water. The WEPL is computed by taking the Radon transform of the reconstructed

SPR image for 150 parallel beams of width 1 mm for every degree, essentially integrating

SPR along a beam path. This was done for both the reconstructed images of the bottles and
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Figure 8.5: The WEPL discrepancy between the reconstructed SPR images and the SPR
measured using the proton therapy machine for (a) the two highest-density bony tissue
surrogates, (b) the two lower-density bony tissue surrogates, and (c) the three soft tissue
surrogates.
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Figure 8.6: The WEPL discrepancy between the reconstructed SPR images and the theo-
retical SPR for (a) the two highest-density bony tissue surrogates, (b) the two lower-density
bony tissue surrogates, and (c) the three soft tissue surrogates.

108



Table 8.3: The means of the WEPL distributions shown in Figs 8.5 and 8.6. They are very
near zero.

Experimental (%) Theoretical (%)
High Density Bony -0.075 -0.073
Low Density Bony -0.066 -0.067

Soft -0.002 -0.005

a simulated image that set every pixel inside the bottle to be the experimentally measured

value of the SPR for each tissue surrogate. Figure 8.5 shows the difference between the

WEPL for these two situations.

It is also useful to compare the WEPL of the reconstructed images and that of a simulated

image using the theoretical values obtained from the known compositions and densities of

the tissue surrogates. This case is shown in Fig. 8.6. The distributions are peaked closely

around zero, indicating good agreement between the three cases. The mean values of the

distributions are shown in Table 8.3. There are outliers associated with edge artifacts at the

border of the bottles that are omitted from the distributions and the statistics presented in

Table 8.3.

8.4 Conclusions

The JSIR-BVM has previously been shown to reconstruct SPR maps with very low error

compared to theoretical values [128, 129]. This work presents a threefold comparison be-

tween SPR values for selected tissue surrogate samples calculated using a theoretical model,

reconstructed using the JSIR-BVM, and directly measured using a clinical proton machine.

There is good agreement between all three cases.
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Chapter 9

Conclusion

The invariant-mass method is an excellent tool for assessing the structure of light particle-

decaying nuclei, giving us the ability to determine the decay energy and intrinsic widths

of these short-lived nuclei. In the case of 2p decay, we are also granted a window into

the dynamics of the decay, extracting information about the type of decay (prompt vs.

sequential) and determining the decay path for sequentially decaying states.

In this work, I have presented results for a number of proton-decaying nuclei. A new

sequentially 2p-decaying state in 12O was observed for the first time. The evolution in decay

type for states in 12O was shown, as a sequence from fully prompt to fully sequential 2p decay

was observed with increasing decay energy. The analog states of the 4 observed peaks in the

2p+10C were also found in the 2p+10B decay channel of 12N. The decay of these analog states

mark another instance of the decay of an isobaric analog state to another isobaric analog

state, a rare phenomenon. Fission-like decays were also observed for a high-lying state in

12O and its analog in 12N. This work also presents the first observation of the 2p-decaying

11O, the lightest isotope of oxygen ever observed and the mirror of the classic halo nucleus

11Li. The Gamow Coupled Channel model predicts four states of 11O that are close together

in energy that provide an excellent fit to the observed 2p decay energy spectrum.

The field looks forward to the experimental program of FRIB, which will provideeven
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more exotic and intense radioactive beams, particularly on the neutron-rich side of the chart.

The invariant-mass method will continue to be important in this program as we are granted

pure beams which will grant access to heavier particle-decaying nuclei on both sides of the

chart.

This work also presents preliminary results for the experimental verification of a method

of iteratively reconstructing proton stopping power ratios (SPR) using dual-energy CT data.

This new method produces more accurate SPR maps than image-based method, and has the

potential to improve dose uniformity and tissue sparing during proton radiation therapy.
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Glossary

BVM: basis vector model - A parameterization of tissue properties using two dissimilar

materials as a basis. The tissue is expressed as a linear combination of these materials.

DECT: dual-energy computed tomography - The use of two different energies in a

computed tomography scan to extract two independent properties of scanned material.

CTV: clinical target volume - The volume containing the tumor and a margin for

sub-clinical disease spread that cannot be fully imaged.

HUs: Hounsfield units - A scale for describing radiodensity. An HU is defined as

HU = 1000× µ− µwater

µwater − µair

, (1)

where µ is the average linear attenuation coefficient inside a voxel, µwater is the linear atten-

uation cofficient of water, and µair is the linear attenuation coefficient of air. In this scale,

the HU of water is 0 and the HU of air is -1000. The Hounsfield unit was initially developed

in an effort to reliably compare CT data from scan-to-scan and across scanners.

SP: stopping power - The energy-dependent, material specific rate of energy loss as

charged particles move through matter.

SPR: stopping power ratio - The ratio of a material’s stopping power to that of water.

WEPL: water equivalent path length - The distance that is equivalent to that

measured in water [133]. Calculated by taking the Radon transform of a beam path through

a reconstructed SPR image.
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