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ABSTRACT

NONLINEAR EFFECTS IN THE VERTICAL MOTION OF TONS IN A
SUPERCONDUCTING CYCLOTRON

By

Dong-o Jeon

Coupling effects near the v, = 3/4 nonlinear resonance were studied both numer-
ically using the new Z? Orbit Code and theoretically utilizing an expansion of the
Hamiltonian to the fourth order in the vertical motion. A simple one-dimensional
model provided only a qualitative agreement, however close the operating point came
to the resonance. It turned out that inclusion of third-order coupling terms in the
Hamiltonian that are associated with certain nonlinear coupling resonances relatively
far away from the operating point provides an excellent explanation of phase space

diagrams both quantitatively and qualitatively.

The effects of higher order terms in the magnetic field components were studjed
numerically using the new Z2N Orbit Code. The following cases were used for this
study: the change brought about to phase space diagrams by higher order terms near
the v, = 3/4 resonance, the evolution of an eigenellipse during acceleration from 10
MeV/u to the final energy, 40 MeV /u, and the higher order effects on the sixth-order

v, = 3/6 resonance.

The new Z?M Orbit Code uses “improved differentiators” based on a finite differ-
ence technique, which overcome the difficulties presented by the “old differentiators”

of the original Z* Orbit Code. A comparison for the individual terms in the field



components shows that the “old differentiators” are less effective in suppressing high
frequency components and also tend to wash out physically important slowly varying
components of data. The orbit computation results from the original Z* Orbit Code
using the “old differentiators” show a highly chaotic behavior that appears unrealis-
tic. A detailed description of the improved differentiators is given in the appendix
together with the applications to the magnetic field produced by two saturated iron

bars where the exact analytical expressions for the field components are available. |
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Chapter 1

Introduction and summary

The Z* Orbit Code [1] was originally developed for evaluating non-linear effects that
can seriously affect the beam quality during the process of extraction from supercon-
ducting cyclotrons. In addition, this orbit code can be used for semi-empirical studies
of third and fourth-order resonances that can occur in these cyclotrons. One such

study, that of the 2v, = v, resonance, has already been reported on [2].

The Z* Orbit Code uses exact equations of motion with magnetic field components
(B, By, B.) that are evaluated up to fourth-order in z. This evaluation requires up
to four successive derivatives of the measured median plane field data. Because of the
noise inherent in such data, the calculation of successive derivatives can sometimes
lead to spurious results. To overcome this difficulty, a new method of calculating
field derivatives has recently been implemented [3]. This method makes use of finite
difference techniques like those used in digital signal processing to suppress the noise -

and produce smoother derivatives.

The main part of this thesis deals with the results obtained from a study of a
fourth-order resonance, v, = 3/4, that usually occurs in three-sector superconducting
cyclotrons when the field level is relatively low. For this purpose, we chose a K1200

superconducting cyclotron [4, 5, 6] field used for ions with ¢/A = 0.25 and a nominal



final energy of 40 MeV/u. Figure 1.1 shows a plot of v, vs. v, for energies between
10 and 40 MeV/u. The relevant third-order and fourth-order resonances are shown

by various straight lines, and we note that v, = 3/4 occurs at 35.6 MeV/u.

Even though the v, = 3/4 resonance does not lead to an actual instability, accel-
eration of the beam through this resonance can produce a noticeable deformation of
the vertical phase space. This is shown by the phase plots in Fig. 1.2 for two sets of
orbits starting on eigenellipses at 34 MeV/u (v, = 0.721) with vertical widths Az = 5
mm and Az = 10 mm. These orbits are run for 99 turns out through the resonance
to 39 MeV/u (v, = 0.782). The resultant two phase plots shown at the final energy

indicate how the deformation depends on amplitude.

All of these orbits start with identical values of (7, p,) on the same (accelerated)
equilibrium orbit at 34 MeV/u. Figure 1.3 shows the corresponding pair of radial
phase space areas at the final energy that are produced by certain nonlinear coupling
effects. The radial widths here, Az = 0.08 mm and Az = (.28 mm, are considerably
smaller than the corresponding Az values given above, and moreover, are roughly
proportional to (Az)z. Such coupling effects are clearly undesirable, and indicate once

more the importance of controlling the range of vertical (and radial) displacements.

The v, = 3/4 and v, = 3/4 resonances are obviously different since the former in-
volves motion entirely in the median plane and is therefore a simple one-dimensional
resonance (7, 8, 9]. For the v, = 3/4 case, however, coupling between the z and =z
motion is inevitable as shown in Figs. 1.2 and 1.3. Nevertheless, one would expect
that for small vertical amplitudes close to the resonance, the vertical phase space
properties, and especially the location of fixed points, could be described by the sim-
ple one-dimensional analysis. Although our results show that this is qualitatively
true, they also show that the simple theory does not predict any of the fine struc-

ture apparent in the phase plots, no matter how close the operating point is to the



Figure 1.1: Tune diagram for a K1200 superconducting cyclotron field with
q/A =0.25 and a nominal final energy of 40 MeV/u. The diagram covers an en-
ergy range from 10 MeV /u (marked with “a”) to 40 MeV/u (marked with “b”) with
points shown as small circles having integer energy values. Also shown are three solid
lines for the third-order resonances Bvy =3,2v, = v, v, +2u, = 3) and four dot-dash
lines for the fourth-order resonances (4v, =3,4v, = 3,20, = 2, 20, + 20, = 3). The
v. = 3/4 resonance occurs at 35.6 MeV/u, and this point (v, = 1.136, v, = 0.750) is
apparently not very close to either of the third-order coupling resonances. Neverthe-
less, these two coupling resonances do affect appreciably the vertical motion near the
v, = 3/4 resonance.
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Figure 1.2: Initial and final (2, p,) phase plots for orbits starting on two different
eigenellipses at £ = 34 MeV /u where v, = 0.721 (at top) and accelerating through
the resonance to 39 MeV/u where v, = 0.782 (at bottom). The vertical widths of the
eigenellipses are Az = 5 mm and Az = 10 mm. These orbits were run for 99 turns
using the Z2N Orbit Code with N = 2. Clearly, acceleration of the beam through the
v, = 3/4 resonance can produce significant deformation of the vertical phase space.
(We should note that in all our orbit codes, momenta are expressed in length units by
setting ' — p/q By, where By is a given central field value. Here By, = 35.1 kG and
our lengths are expressed in mm. p = 988.7 mm is the total momentum at E = 35.6
MeV/u.)
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Figure 1.3: Initial and final (z, p,) phase plots for the two sets of orbits depicted
in Fig. 1.2, which demonstrate the result of coupling from the z-motion into the
z-motion. Because initially all of the orbits share identical values of (r, pr) at 34
MeV/u, they are depicted as a point (shown at top). Finally reaching 39 MeV/u
after the acceleration (shown at bottom), the radial widths, Az = 0.08 mm and
Az = 0.28 mm, are much smaller than the corresponding Az values in Fig. 1.2 and
roughly proportional to (Az)?.



resonance. We have, moreover, also found that this fine structure can be very well
reproduced when the effects of third-order coupling terms are included in the analysis.
One usually associates these terms with certain coupling resonances (v, — 2v, = 0
and v, 4+ 2v, = 3), and although these resonances are not very close to our operating

points, neither are they very far away (see Fig. 1.1).

The phase space properties near the v, = 3 /4 resonance were explored by compar-
ing orbit code results with those obtained from a standard theoretical analysis based
on an expansion of the Hamiltonian. In chapter 2, we present a detailed description on
the expansion procedure of the Hamiltonian and on the subsequent canonical trans-
formation using angle and action variables. The Hamiltonian was expanded around
the equilibrium orbit order by order. In addition to the linear part, the part per-
taining to the v, = 3/4 resonance was kept. Concerning coupling terms, we retained
only the most slowly varying components of the lowest order coupling terms in the
Hamiltonian for the sake of simplicity. A canonical transformation using angle and
action variables was carried out assuming that the terms relevant to the v, = 3/4

resonance and the coupling terms are perturbations on the linear motion.

In chapter 3, comparisons between orbit computations and the theory are pre-
sented at two different values of v,, 0.740 and 0.749. We considered two different
theoretical models, the simple one-dimensional Hamiltonian model by itself and the
same simple model together with the coupling terms. These studies show, for example,
that inclusion of the coupling terms reduced the error in the location of the unstable
fixed points from about 40 % to about 10 % for both v, = 0.740 and v, = 0.749. In
addition to providing a good explanation of the fine structure in the z-space phase
plots, the simple theory including the coupling terms also provides a remarkably good
representation of the z-space phase plots resulting from the coupling of the vertical

motion into the radial motion.



Chapter 4 starts with a brief description of the Z2V Orbit Code that enables one
to use magnetic field components containing all terms up to 22V with N =1, 2,3, or 4,
as desired. The orbit computations described in chapter 3 were carried out with this
code using V = 2. To see how important higher order terms might be, we repeated
some of these computations using the N = 3 and N = 4 options, which corresponds
to including magnetic field terms up to 2® and 2% respectively. The results of this
study, which are presented in section 4.2, show that for the v, = 3/4 resonance, the
higher order terms are not significant for the range of z values of interest in the K120(j

superconducting cyclotron.

To investigate further the higher order effects, we examined briefly the sixth-order
resonance v, = 3/6 using the Z*V Orbit Code with N = 2 as well as N = 3. Both
versions of the code produced phase space patterns with fixed points that are typical
of a sixth-order resonance, as shown in section 4.3. Moreover, the locations of the fixed
points in the two cases differ by only about 14 % which seems somewhat surprising

since the NV = 2 option has no field components with terms higher than fourth-order.

Data are presented in chapter 5 showing the difference in results obtained by using
the “old differentiators” and the “improved differentiators” to calculate magnetic field
components off the median plane. First a comparison is given for the individual terms
in these field components evaluated at z = 0.5 in. The results show that the “old
differentiators” are less effective in suppressing high frequencies associated with noise
and at the same time, they also tend to wash out physically important slowly varying
parts of the data. In addition, a comparison is made of some orbits near the v, =3/4
resonance using the old Z* Orbit Code and the new Z?¥ Orbit Code with N = 2,
which utilized the old and improved differentiators, respectively. These orbits lie in a
highly sensitive region of phase space close to the separatrices, and the results from

the old Z* Orbit Code show a highly chaotic behavior that appears unrealistic.




Finally in the appendix, a detailed description of the improved differentiators is
presented. As shown by frequency response curves, the improved method for eval-
uating derivatives suppresses high frequency signals effectively, while maintaining
reasonable accuracy over a sufficiently wide range of low frequencies. The improved
first-order and second-order differentiators for a uniform mesh in both one and two
dimensions are presented. As a test, these differentiators were applied to the magnetic
field produced by two magnetized iron bars where an exact analytical expression for
the magnetic field is known, and also applied to the same field when a small amount
of noise is superifnposed. These results clearly demonstrate the superiority of the

improved differentiators.

The work described in this thesis has produced two papers. One dealing with the
coupling effects at the v, = 3/4 resonance has been published in Nuclear Instruments
and Methods A [10]. The other deals with the new method for calculating field
components off the median plane and has been accepted for publication in the Journal

of Computational Physics [3].



Chapter 2

Hamiltonian theory

The K1200 and K500 superconducting cyclotrons at this laboratory [11, 12] both have
three magnet sectors with three dees in the intervening valleys. For this study, we have
assumed that the field has perfect three-sector symmetry, and have, for simplicity,

ignored all imperfections.

In both the computations and the analysis, the magnetic field components in

cylindrical polar coordinates up to z* are calculated using;:

2 4
B, = — B(r,0)—%VgB(r,G)-l-—z—'-VgB(r,H) , (2.1)
B, = -——a—-C(r 6,z) 2.2
r = ag U, 2), ( . )
By = _’WC (7‘, 07 Z) ) (23)

where B (r,0) is the measured median plane field, and

‘ 0° d ok
2 = — —_— —
Va = a2t ror = r29?’ (2:4)
is the two-dimensional Laplacian, and
23
C(r,0,z) =2zB(r,0) — §V§B (r,0). (2.5)
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The above field components satisfy V-B = 0 and can be derived from the following

fourth-order vector potential components:

1 d (7 z 2
b = 2 [rp0i+ Z (5800~ 500 (26)
0 22 z* 9
A = ;55<——273(r,9)+3v23(r,0)), (2.7)
A = 0 (2.8)

In the analysis of large synchrotrons and storage rings where Serret-Frenet coordi-
nates are used, it is usually assumed that the component of A along the reference
orbit is dominant and that the other components can be neglected. But for sectored

cyclotrons, one obviously needs both A, and Aj.

With the expressions for the vector potential components on hand, we can now
write down the Hamiltonian required for the analysis. With @ as the independent

variable, this Hamiltonian is given by:

Hy = —r (P2 - Pf —pﬁ)% — qrig,

= —r (p2 — (I, — qA,)* - Hz) P _ qrAs, (2.9)

where pis the total momentum, and where p, and p, are components of the mechanical
momentum, while II, and II, are the corresponding canonical momenta. Note that
II, = p, since A, = 0 and (II,),_, = (p),_, since (A4,),_, = 0. We should also note
that the equations of motion used in the Z* Orbit Code [1] can be derived from this

Hamiltonian.

2.1 Expansion of Hamiltonian

The theoretical analysis proceeds by expanding the above Hj about a given reference

orbit, namely the equilibrium orbit (EQ). For a given energy (and hence p) value, the
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coordinates of this orbit (ro, pyo) can be determined as a function of 8 using the EO
Code [13]. Because midplane symmetry is assumed for magnetic field and the EO is
on the median plane with z = p, (or II,) = 0, it is natural to expand the Hamiltonian
Hy in Eq. 2.9 with respect to z and II, (or p,) in the first place. And subsequent

expansion of the Hamiltonian up to fourth-order in z and II, is presented as follows:

[ II,0B 0B
Hg = q/T‘Bd’f‘ - Tpg] + [iﬂg -+ 'g— (p—e—a—é- - 7‘5> 22] +

[ r . qII,OB ,_,
T 95 aq
st e

¢ 12\ (0B\® qII,8V2B qrdV2B
I+ l=) - + = 2+
8rpyg 3 00 4lpy 90 4! or

Hy+H,+H,+..., (2.10)

where Hj is the zero-order Hamiltonian in z and II,, H, is the second-order Hamil-

1
tonian, and Hy is the fourth-order Hamiltonian and where py = (p? — I12)2

After the completion of expansion with respect to z and II,, the above Hamiltonian
is again expanded around the EO with respect to z and II, for the purpose of taking
account of the coupling effects and the subsequent deviations from the EQ. Deviations

from the EO are specified as z and p, defined by:

L =T—To, Pr=Pr— Pro- (2.11)
Since II, = p, + ¢A,, the corresponding canonical deviation is

I =11, — pyo = ps + ¢A,, (2.12)

and, of course, II, = p, as noted above.

For the sake of simplicity, we restrict ourselves to the lowest order coupling terms

in the Hamiltonian which come from the expansion of H, with respect to r and II,.
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After being expanded around the EO, H, can be expressed as follows:

o () my (2B 9B
H = _(2pg)0H2+2<p9 39 " or Oz *

i r 12\ 9B
() o (), o 3 (<35 ) o
1\2ps /4 203 /4 2pg ps) 08 ),

¢ (I #B 0B 8B\
2 (Po 0ar  or | or Oxz tee (2.13)
= HO+HY + ..., (2.14)

where Héo) is the zero-order part of H, in z and II, and H2(1) is the first-order part,
and where (), means that the quantity in the bracket is evaluated on the EQ. It
should be noted that H2(0) contains all the terms pertaining to linear oscillations in

z-space.

Most of the terms in Hél) are neglected for the sake of simplicity that are propor-
tional to zII%, IT,112, and I1,2? because they are small compared with the dominant

term by an order of magnitude. The dominant term to be kept is

s 0007 or " ar2 (2.15)

It should be noted that H,, consists of the important third-order coupling terms;

that is, those proportional to zz? with the coefficients evaluated on the EO.

In a similar manner, Hy can also be expanded around the EO with respect to

and II, as follows:
Hy=HY+HD 4+ (2.16)

where Hio) is the zero-order part of Hy with respect to z and II, and Hil) the first-
order part and so forth. Of course, there are higher order coupling terms coming from

H, and Hy and so forth, but the results presented here are obtained by neglecting
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all of them. Because all the higher order coupling terms are omitted for the sake of

simplicity, only H§°) is retained for the analysis presented here:

2
© _ (") gy (90BY o (2 [, 2\ (0B
He™ = <8p§)onz + (4p§’ 00 Oz 2T 8rpg + P2 00

_dLOVIB  qroviB)
4lpy 00 4t or ),

(2.17)

Most of the terms in Hio) are again ruled out for the sake of simplicity that are
proportional to II? and 22[1? because they are small compared with the dominant

term that is defined to be H,.,:

2 2 2 2 2
. [ g (1 %2_) (aza) aLOViB  ar9viB] .18
(/)

= | 8rpy 80 ) " 4lp, 96 4 or .

It should be pointed out that H,., contains the important terms relevant to the
v, = 3/4 resonance, that is, the fourth-order terms proportional to z* with their

coefficients evaluated on the EO.

Finally concerning Hy in Eq. 2.10, only the terms relevant to linear oscillations in
z-space are kept and the other higher order terms are neglected because the amplitude

of the induced motion in z-space is small compared with that in z-space.

The expansion of the Hamiltonian, as a result, is divided into three parts as

follows:

H0 = Hlin + Hrcs + Hcoup17 (219)

where Hj;, contains all of the terms pertaining to the linear oscillations in the z-space
and z-space, and H,.; and Houpi consist of the dominant fourth-order resonant terms
and the dominant third-order coupling terms respectively. As was noted previously, in
the expansion process we have for simplicity omitted many small terms that appeared

insignificant even though they might affect the results.
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2.2 Canonical transformation using angle and ac-
tion variables

We next introduce angle and action variables, (¢,, J.) and (4, J;). If y stands for

either z or z, then the required canonical transformation is

W

y = (2Jy8,)% cos (¢, +6,), (2.20)

I, = - (sz/ﬁy)z [sin (¢y + 6y) + ay cos (¢, + &)1, (2.21)

where the periodic Courant-Snyder parameters o, = o (8), By = B,(8), and the
phases &, = §, () are determined as a function of 6 from the transfer matrix elements
generated by the EO Code [13]. This transformation reduces the linear part of the

Hamiltonian to:
Hiin = v.J; + v, J, (2.22)

so that for the linear motion, J, =const. and ¢y = vyf+const., as expected.

Following the customary procedure, the nonlinear parts of the transformed Hamil-
tonian are treated as perturbations, and for this purpose, only the terms varying
slowly with respect to 6 are retained. Detajled description of the procedure is pre-

sented below for H,.; and Heoupl.

Using the angle and action variables defined in Eq. 2.20 and 2.21, H,., can be

written as follows:

Hres = Jz2f (0) [0084(¢2 + 62) + 4 cos 2 (¢z + 52) 4 3] : (223)
with
32 q2 112 0B 2 qH OV2B qr OV2B
0) == | — -r bl _ r 2 qr 2 .
f(6) 2 (87‘}79 (sz)(ae) iy 36 + 073, 0, (2.24)
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where (), means that the quantity in the parentheses is evaluated on the EO. Separat-
ing the functions dependent on ¢, from those dependent on 6 which is an independent
variable, and Fourier transforming the functions with respect to 8 using the fact that

they are periodic, we can rewrite H,, as follows:
H,eo, = J2f(8)[cos46,cosdd, — sin4d,sindd,+
4 cos 26, cos 2¢, — 45in 26, sin 2¢, + 3], (2.25)

= J? l(Ao + ; Ay, cos(nd + an)) cos 44,
- (Bo + Z B, sin (nf + bn)> sin 44,
+ (Co + En: C, cos (nd + cn)> cos 2¢,
- (Do + ; D, sin (nf + dn)) sin 29,

+ Gy + Z G, cos (nd + gn)] , (2.26)

where a,, by,..., and g, are the phase of the nth harmonic and A,, B,,..., and G, are
the amplitude of the nth harmonic under Fourier transformation with respect to 4.

Reshuffling the terms using the properties of trigonometric functions, we get:

H,es = J:{Agcosdd, — Bysindd, + Cycos 26, — Dosin 24, + Gy
+ %; [An cos (44, + nb + a,) + A, cos (44, — nb — a,,)
+ B, cos (4¢, + nd + b,) — By, cos (4¢, — nd — b,)
+ Cncos(2¢; + nb + ¢,) + Cp cos (26, — nb — ¢,)
+ Dy cos (26, + nb + d,,) — D, cos (24, — nf — d,)

+ 2G,, cos (nb + g,)]} . (2.27)
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Retaining only the most slowly varying components and neglecting all the other
rapidly varying terms in the vicinity of the v, = 3/4 resonance, we obtain as a

final form of the resonant Hamiltonian to be used for analysis:

Heo ~ J2[Go+ %3-003 (46, — 30 — a5) — %’l cos (46, —30—by)|,  (228)
= J2[Go+ Q cos (44, — 30 + )], (2.29)
where
Q = -;- (A2 + B2 — 2A3B; cos (a3 — b3))% :
any, = Dosinbe— Assinas

Ascosas — By cos by

When we follow again a similar procedure for Houp just as for H,.s, using angle

and action variables defined by

N

r = (2J.0;)

Z = (2Jzﬂz)

cos (¢ + 6;) ,

(VYT

cos (¢, +6.),
Houpm can be rewritten as follows:

3 . . -
Hepupt = JZ2J,9(8) (el(¢z+5z) + e—z(¢,+o,))

( QR(B452) 4 o =2i($2452) 4 2) , (2.30)

D | =
el R

with

(=02 95 _ 95 29/
9(0) = 2 (pe 990r _ or  or? )0 (28:)2 28:. (2:31)

It should be noted that g () is a real function of 4.

After separating functions dependent on ¢’s from those depending on € and reshuf-

fling the terms, we get:

Hept = J;?L ng(é?) [2ei5, gits 4 9o=ibrg=ibs | Gi(20:48s) i(26:40a)
8

e“i(251+5m)e—i(2¢z+¢z) + ei(2sz—6a:)ei(2¢z—¢z) + e“i('zsz—&a:)e"i(?‘bz—‘br)} ,(2.32)
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1 . . .
J2J, [S(8) € + S*(9) ™= + T (6) ei2:¥62) 4 T (g) g=il20s+02)

+ U (6) 8=52) 4 [7* (9) e ate=04)] (2.33)

where * stands for complex conjugate and where

]

_ g9(9) i6z
5(0) Te ’

i

-—€

T (6) 9(0) i(26,+6m),

9(9) i5,-s.)

— €

3 .

I

U (9)

Fourier transforming complex functions S (8), T (), and U (§) with respect to 6

exploiting the fact that they are periodic functions of 0, we can rewrite Heoupr as

follows:

Hcoupl = -]z,%Jz [Z (Snei(¢1+"9) + S;e—i(tbz'i-ne))

+ Z (Tn ¢t (262 +62+nf) + T,;“ e—i(2¢>z+¢z+n6’))

+ Z (Unei(2¢z—¢z+n9) + U;e—i(2¢z—¢:+n9))] , (234)

where S,,, Ty, and U, are the complex amplitudes of e components of S (8), T (9)

?

and U () respectively.

Just as in the case of H,.,, we again assume that the most slowly varying compo-
nents of each part contribute most. Keeping only the most slowly varying components

while taking into account the operating points near v, = 3/4, we get:

1 . : . .
Hcoupl ~ J2J, [Soe“b’ +Sge—1¢z +T_361(2¢z+¢z—3¢9) +Tj36—1(2¢z+¢z"’39)

+ Upe'@®+=0) 4 Ugemi26:=02)] (2.35)

Defining Sy = C1e1/2, T_3 = Che™¥2/2, and Uy = C3e'¥*/2 where (Cj, ;) for

J = 1,2,3 are real constants, we then obtain, as a final form of H., to be used for
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analysis:

Heoupt =~ Jx%Jz [Cy cos (¢z + 1) + Cqcos (26, + ¢ — 30 + 1,)

+ C3co8(2¢, — ¢ + ¥3)]. ' - (2.36)
When this procedure is completed, as a summary the results are:

Hees = GoJ?+ QJ?cos(4¢, — 30 + o), (2.37)
Hepupt % J2J.[Cy c05 (85 + 1) + Cy 005 (26, + 5 — 30 + 1)

+ 03 COSs (2¢z - ¢x + ¢3)] 3 (238)

where Go, @, %o, and the set (C;, ;) for j = 1,2, 3 are all constants which are defined

above and numerical values are given in the following sections.

To see how slowly these terms vary, consider the tune values for a case that will
be discussed later in considerable detail: v, = 0.740 and v, = 1.129, which occur at
34.8 MeV/u. In this case, the cosine term in Eq. 2.37 has the (zero-order) frequency:
(3 — 4v,) = 0.040. The corresponding frequencies of the three terms in Eq. 2.38 are:
v, = 1.129, (3 = 2v, — v.) = 0.391, and (2v, — v.) = 0.351. These frequencies are
obviously much greater than the 0.040 in the resonant term, but in spite of this, the
coupling terms play an important role in the v, = 3/4 resonance (as will be seen

below), and this is presumably because they are of lower order.



Chapter 3

Comparison of theory and orbit
computations

In this chapter, we compare the results obtained from the Z*V Orbit Code with
N = 2 and those obtained from the Hamiltonian derived in the previous chapter.
To emphasize the difference between the new and old orbit codes, we called the new

one the Z?N Orbit Code with N = 2 to distinguish it from the old Z* Orbit Code.

Further information about the new code can be found in Chapter 4.

3.1 Study of v, = 3/4 resonance at v, = 0.740

Consider first the results obtained from the simple theory of the v, = 3/4 resonance,

assuming it is “isolated”. In this case, the Hamiltonian is obtained by combining

Eq. 2.22 and Eq. 2.37, that is,
Hy = v,J, + GoJ? + QJ?% cos (4¢, — 30 + 1), (3.1)

where the values of the constants depend on the energy chosen.

We find that the “tune-shifting” term GoJ? is positive and, moreover, Go > @ > 0,
so that the resonance produces no instability. More specifically, the phase space

diagram shows four stable as well as four unstable fixed points for v, < 3/4, but none

19
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at all for v, > 3/4. In addition, the theory shows that these fixed points have the

following angle and action values:

cos (44, — 30 + <bo);, = 1, (3.2)
and
(Jz)fp = (3/4 - v,) /2 (Go Q), (3.3)

where the +(—) sign applies to the unstable (stable) fixed points. These conclusions

are in good qualitative agreement with the computational results given below.

Although the theory is expressed in terms of angle and action variables, the in-
put/output of the Z?N Orbit Code are in terms of (r, p,) or (z, p,). In order to make
direct comparisons, the orbit code results are translated into ¢’s and J’s by using the
inverse of the transformation Eq. 2.20 together with the definitions of II, and II, in
Eq. 2.21. We should also note that for linear motion, 27.J is the invariant area of an

eigenellipse, and we will therefore use
p=(2 J)% (3.4)

as a “radius” in phase space. In the phase space diagrams presented here, we plot
psin ¢ vs. pcos ¢ since such plots provide the symmetric diagrams shown in theoretical

papers {7, 8, 9]. Moreover, for linear motion, such a plot yields a circle of radius p.

As an example, take the case where (3/4 — v,) = 0.010 occurring at 34.8 MeV /u.

Here, numerical analysis yields the following values of the constants:
(Go, Q) = (9.75,3.42) x 10~° (mm) 2, (3.5)
and

o = —44.3°. (3.6)
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All of the orbit computations reported on here start with various initial values
of (2, p.), but with initial (r, p.) values always on the EO in order to avoid added
complications. The two z-space diagrams shown in Fig. 3.1 were obtained by plotting
points once per sector at § = 2rn/3. The diagram at the top came from the output
of the Z?N Orbit Code with N = 2 while the diagram at the bottom was derived
from the simple Hamiltonian in Eq. 3.1. The two diagrams are plotted to the same
scale and as can be seen, the fixed points in the top diagram are closer to the origin
than those in the bottom one. The (p,, ¢.) coordinates of the fixed points in the first

quadrant have the following values:

_ [ (6.13 mm, 9.7 deg)
(pz,82), = { (8.72 mm, 11.1 deg) (3.7)

_} (10.6 mm, 54.1 deg)

(02 ¢2), = { (12.6 mm, 56.1 deg) (3.8)

where the subscripts “u” and “s” refer to the unstable and stable fixed points, and

where the top and the bottom lines on the right give the values obtained from the top
and the bottom diagrams in Fig. 3.1. The fractional difference in the p, for stable
(unstable) fixed point is 19 % (42 %).(Actually, the bottom values are derived from

the formulas in Eq. 3.2 and 3.3 above with the given v, value.)

In addition to the significant differences in the fixed point locations, the plots
obtained from the orbit code (especially those near the stable fixed points) show a

complicated fine structure that is completely missing from the theoretical plots.

To see if the differences between the theoretical results and those from the Z2Y
Orbit Code with N = 2 can be traced to the third-order coupling terms, consider
next the complete theoretical Hamiltonian obtained by combining Eq. 2.22, 2.37, 2.38.

Again using as an example the numerical constants determined analytically for 34.8




22

MeV /u where v, = 0.740, this Hamiltonian becomes:

Hy = v,J,+ s+ J2[9.75+ 3.42 cos (44, — 30 — 44.3°)] X 1078
+ JEJZ [5.65 cos (¢ — 77.4°) + 7.19 cos (2¢, + ¢ — 30 — 146.2°)

+4.30 cos (20, — ¢ + 104.4%)] x 1072, (3.9)

Evidently, when J, = 0, this Hy reduces to that in Eq. 3.1 with the constants given
in Eq. 3.5 and 3.6.

The equations of motion derived from Hj in Eq. 3.9 can be integrated and the
results compared to those obtained from the Z*N Orbit Code with N = 2. Such
a comparison is shown in the phase space diagrams presented in Fig. 3.2 with the
orbit code results given at the top and the theoretical results given at the bottom,
just as in Fig. 3.1. But here in Fig. 3.2, we restrict ourselves to phase plots for three
particular orbits that have special interest. Plot # 1 circulates around the stable
fixed points coming close to the separatrices and the unstable fixed points; this plot
closes in about 200 turns. Plot # 2 resembles a flower with many petals that encloses
each of the stable fixed points; this plot requires about 180 turns. (These two plots
are also shown at the top of Fig. 3.1.) Finally, plot # 3 (which runs about 100 turns)
is a small blur of points that are as close as one can get to the stable fixed points.
Comparison of the diagrams in Figs. 3.2 and 3.1 clearly shows that the qualitative and
quantitative agreement between the theoretical and orbit code results is significantly

improved by inclusion of the coupling terms in the Hamiltonian.

This conclusion is reinforced by the evidence presented in Fig. 3.3 which show
the z-space phase plots associated with the three orbits whose z-space plots are
given in Fig. 3.2. Here, the three plots on the left come from the Z*N Orbit Code
with N = 2 while those on the right come from the theoretical results. The good

agreement between these results is quite impressive. One should keep in mind that all
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of these plots are simply two-dimensional projections of the four-dimensional phase

space trajectories traced out by the three orbits.

As a test of the quantitative agreement between the two sets of results, we again
compare the locations of the fixed points shown in the two diagrams of Fig. 3.2. Using

the same notation as in Eq. 3.7 and 3.8 above for the data in Fig. 3.1, we now find:

_ ) (6.13 mm, 9.7 deg)
(P22 ), = { (6.85 mm, 10.0 deg) (3.10)

) (10.6 mm, 54.1 deg)
(pz:9), = { (12.7 mm, 56.4 deg) (3.11)

where the top and bottom numbers represent the orbit code and theoretical results,
respectively. The fractional difference in the p, for the stable (unstable) fixed point
is 20 % (12 %). Comparison with the data in Eq. 3.7 and Eq. 3.8 above shows that
including the coupling effects provides a very significant improvement in the location
of the unstable fixed points, but practically no change at all in the location of the
stable fixed points. The accuracy of the theory is, of course, limited by its reliance

on an expansion of the Hamiltonian in Eq. 2.9 with many “small” terms omitted.

It should also be pointed out that in producing the diagrams shown in Figs. 3.2
and 3.3, we used slightly different initial conditions for the two sets of orbits. As
noted in the beginning of section 3.1, all of the Z?¥ Orbit Code runs were started
with (r, p,) values on the EO so that initially, z = p, = 0. But since II, = p, + ¢A,,
and since A, # 0 for z # 0, the initial values of II, and hence J; and p, differ from
zero. In all cases reported here, computer runs based on the theory were started with
the same values of (p,, ¢;) as those from the Z?V Orbit Code with N = 2. However,
the initial values of (p., ¢.) for the theory runs were changed slightly so as to match

as well as possible the resultant phase plots with those obtained from the Z*" Orbit
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Figure 3.1: Two z-space diagrams at v, = 0.740 (E = 34.8 MeV/u) obtained by
plotting p, sin ¢, vs. p, cos ¢, once per sector for two sets of five orbits. One set (shown
at top) is obtained from the Z2V Orbit Code with N = 2 and the other set (shown at
bottom) is derived from the simple Hamiltonian in Eq. 3.1 with its constants evaluated
at the given energy. The simple theory obviously fails to reproduce quantitatively
the results from the orbit code, including the location of the fixed points. It also
fails to account for the fine structure in the phase plots from the orbit code which, as
shown below, are produced by the coupling effects. Note that (¢, J) are angle-action
variables and that p = (2J)!/? corresponds to a “radius” in phase space.
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Figure 3.2: Two z-space diagrams (just like those in Fig. 3.1) for two sets of three
orbits obtained by plotting once per sector, again at 34.8 MeV/u where v, = 0.740.
The set at the top was obtained using the Z2¥ Orbit Code with N=2, while the set
at the bottom was derived from the Hamiltonian in Eq. 3.9 that includes the third-
order coupling terms. In contrast to the comparable situation in Fig. 3.1, the results
presented here show that this Hamiltonian provides a relatively good explanation of
the orbit code results, including the location of the fixed points and the fine structure
in the phase plots. Note that all the orbits from the Z*¥ Orbit Code with N = 2
reflect coupling effects. Unlike the situation predicted by the simple theory in Fig. 3.1,
the stable and unstable fixed points are not sharply defined due to the coupling effects.
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Figure 3.3: Six z-space phase plots obtained by plotting p, sin ¢, vs. p, cos @, once
per sector for the same two sets of three orbits whose z-space phase plots are shown
in Fig. 3.2. The three plots on the left were obtained using the Z?" Orbit Code with
N = 2, while the three on the right were derived from the Hamiltonian in Eq. 3.9
that includes the third-order coupling terms. The orbits labeled 1, 2, and 3 in Fig. 3.2
appear here at the top, center, and bottom, respectively. Since all of the orbits start
with (r, p,) values on the equilibrium orbit, the phase plots here demonstrate the
coupling of the z-motion into the z-motion. Moreover, the values of p, here are an
order of magnitude smaller than the values of p, in Fig. 3.2 so that the coupling is
not very strong. However, this coupling is quite significant and it is clear from a
comparison of the two sets of phase plots that the theoretical Hamiltonian in Eq. 3.9
provides a good representation of the coupling effects found with the Z*¥ Orbit Code
with N = 2. Note that all six plots have exactly the same scales although only the
one at the bottom left is labeled.
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Code with N = 2. The size of this change for the orbit # 3 representing the stable
fixed points can be gauged from the numbers given in Eq. 3.11; the changes for the

other two orbits are about the same.

3.2 Study of v, = 3/4 resonance at v, = (.749

Similar calculations were carried out for (v, = 1.136, v, = 0.749) at 35.5 MeV/u to
see if the third-order coupling terms still play an essential role just as in the case for
v, = 0.740. One difference from the v, = 0.740 case is that the scale of the major
features of z-space diagrams are reduced by about three times compared with those for
v, = 0.740. Because 3/4 — v, = 0.001 is ten times smaller than 3/4 —0.740 = 0.01 for
v, = 0.740, the subsequent values of (J;) #p 18 reduced by a factor of ten approximately,
assuming the other constants remain about the same (refer to Eq. 3.3). So (p.);, is

reduced by about three times.

Assuming again the v, = 3/4 resonance is “isolated”, the Hamiltonian without

the coupling terms is:
Hy = v, J, + J2[11.0 + 3.98 cos (46, — 36 — 45.5°)] x 107%, (3.12)

and the phase space diagram and its features can therefore be determined. Remem-
bering that (Go, @)=(9.75,3.42) x 107° and ¢y = —44.3° for v, = 0.740, the values
for Gy and Q for v, = 0.749 are larger than those for v, = 0.740 by 13 % and 16 %

respectively and the value of ¥ differs by 1.2°.

Just as in the case for v, = 0.740, all of the orbit computations reported on here
start with various initial values of (z, p.), but with initial (r, p,) values always on
the EO in order to avoid added complications. Figure 3.4 corresponds to Fig. 3.1 for

v, = 0.740 and shows two different z-dimension phase space diagrams. The diagram
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at the top is obtained from the numerical orbit integration using the Z2V Orbit Code
with N = 2 and the bottom diagram is obtained by integrating the equations of
motion derived from the Hamiltonian in Eq. 3.12. It should be noted that Fig. 3.4
uses two orbits while Fig. 3.1 uses five orbits. The diagrams in this figure are very

similar to those in Fig. 3.1 except for the difference in the scale.

Again as a test of the quantitative agreement, the (pzy ¢2) coordinates of the fixed

points in the first quadrant are given here:

_ ) (1.87 mm, 9.9 deg)

(02 82), = { (2.59 mm, 11.4 deg) (3.13)
_} (3.24 mm, 54.8 deg)

(02, :), = { (3.79 mm, 56.4 deg) (3.14)

({3 ]

where the subscripts “u” and “s”

refer to the unstable and stable fixed points, and
where the top and the bottom lines on the right give the values obtained from the
top and the bottom diagrams in Fig. 3.4. For the stable (unstable) fixed point, the
values of p, differ by 17 % (39 %) while they differ by 19 % (42 %) for the v, = 0.740
case. (The bottom values are derived from the formulas in Egs. 3.2 and 3.3 above

with the given v, value just as in the case for v, = 0.740.)

The fractional differences in the fixed point locations are almost equal. In addition
to that, the plots obtained from the orbit code show a complicated fine structure

because of the coupling between the z and z dimensions when the plots are magnified.

Now consider the complete theoretical Hamiltonian including the third-order cou-
pling terms just as in the case of v, = 0.740. Using the numerical constants deter-

mined analytically for 35.5 MeV/u where v, = 0.749, this Hamiltonian becomes:

Hy = v, +vedy + JZ[11.0 4 3.98 cos (4¢, — 30 — 45.5°)] x 10~

+ 2T, [5.78 08 (6 — 79.0°) + 7.37 cos (26, + b, — 36 — 154.9°)
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+4.48 cos (2¢, — ¢, + 107.8°)] x 1072, (3.15)

Compared with the corresponding values of C; and 9; for v, = 0.740, the values of
C; differ by at most 4 % and the values of ¥; vary by 1.6°, 8.7°, and 3.4° respectively

for 3 =1,2,3.

Similar comparisons between theory and orbit computations are shown in the
phase space diagrams presented in Fig. 3.5, which corresponds to Fig. 3.2 with the
orbit code results given at the top and the theoretical results given at the bottom.
We restrict ourselves to three particular orbits, just as in Fig. 3.2. Plot # 1 closes in
about 1800 turns. Plot # 2 requires about 400 turns. Finally, plot # 3 runs about
400 turns. It should be noted that in Fig. 3.2 for v, = 0.740, it takes about 200 turns
for plot # 1, about 180 turns for plot # 2, and about 100 turns for plot # 3. Because
v; = 0.749 is closer to the v, = 3/4 resonance, it naturally takes more turns to close
in. When considering only linear motion, it should take ten times more turns to close
in than the case for v, = 0.740. Comparison of the diagrams in Fig. 3.4 and Fig. 3.5
clearly shows that the qualitative and quantitative agreement between the theoretical
and orbit code results is significantly improved by inclusion of the coupling terms in

the Hamiltonian for v, = 0.749, just as for v, = 0.740.

Figure 3.6 which corresponds to Fig. 3.3 shows the two sets of three z-space
phase plots associated with the corresponding orbits whose z-space plots are given
in Fig. 3.5. The three plots on the left come from the Z2V Orbit Code with NV =2
while those on the right from the theoretical results. Again the Hamiltonian with the
coupling terms provides good agreement between these results. Except for the scale

of the plots and the turn numbers, these plots are very similar to those in Fig. 3.3.

As a test of the quantitative agreement between the two sets of results, we again

compare the locations of the fixed points shown in the two diagrams of Fig. 3.5. Using
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Figure 3.4: Two z-space diagrams at v, = 0.749 (E = 35.5 MeV/u) for two sets of
two orbits obtained by plotting p, sin ¢, vs. p, cos 4, once per turn. These diagrams
were obtained by plotting once per turn instead of once per sector as in Fig. 3.1, and
the scale is 3.6 times smaller. One set (at the top) was obtained from the Z2¥ Orbit
Code with N = 2 and the other set (at the bottom) was derived from the simple
Hamiltonian in Eq. 3.12. Unlike the plots in Fig. 3.1, the fine structure is not clearly
observable to the eye. Otherwise, the plots are very similar except for the scale and
the turn numbers of the orbits when compared with those in Fig. 3.1.
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Figure 3.5: Two z-space diagrams (like those in Fig. 3.2) for two sets of three orbits
obtained by plotting p, sin @, vs. p, cos ¢, once per turn at 35.5 MeV/u where v, =
0.749. But Fig. 3.2 was plotted once per sector and its scale is 3.6 times larger. The
set at the top was obtained using the Z? Orbit Code with N = 2, while the set at the
bottom was derived from the Hamiltonian in Eq. 3.15 that includes the third-order
coupling terms. The plots are very similar except for the scale and the turn numbers
of the orbits compared with those in Fig. 3.2. Even though the fine structure may not
be observable for the given scale, it becomes apparent when the plots are magnified.
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Figure 3.6: Six z-space phase plots (like those in Fig. 3.3) obtained by plotting
Pz SIN ¢ Vs. pp cos @, once per turn for the same two sets of three orbits whose z-
space phase plots are shown in Fig. 3.5. But Fig. 3.3 was plotted once per sector
and its scale is 12.5 times larger. Because ps is proportional to p? and because p,
is reduced by about 3.2 times for v, = 0.749 compared with that for v, = 0.740,
Pz is reduced by about ten times. The three plots on the left were obtained using
the Z*N Orbit Code with N = 2, while the three on the right were derived from
the Hamiltonian in Eq. 3.15 that includes the third-order coupling terms. The orbits
labeled 1, 2, and 3 in Fig. 3.5 appear here at the top, center, and bottom, respectively.
The plots are very similar except for the scale and the turn numbers of the orbits
compared with those in Fig. 3.3 for v, = 0.740. Note that all six plots have exactly
the same scales although only the one at the bottom left is labeled.
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the same notation as in Eq. 3.13 and 3.14 above for the data in Fig. 3.4, we now find:

_ ) (1.87 mm, 9.9 deg) |

(P2, 82), = { (2.05 mm, 11.6 deg) (3.16)
_ [ (3.24 mm, 54.8 deg)

(P2, ¢2), = { (3.85 mm, 56.6 deg) (3.17)

where the top and bottom numbers represent the orbit code and theoretical results,
respectively. The fractional difference in the p, for the stable (unstable) fixed point is
19 % (10 %) while the corresponding value for the stable (unstable) fixed point is 20 %
(12 %) for v, = 0.740. A comparison with the data in Eq. 3.13 and Eq. 3.14 above
shows that including the coupling effects provides a very significant improvement in
the location of the unstable fixed points, but little change in the location of the stable

fixed points.

It should also be pointed out that in producing the diagrams shown in Fig. 3.5
and Fig. 3.6, we used again slightly different initial conditions for the two sets of
orbits as in the case for v, = 0.740. In all cases reported here, computer runs based
on the theory were started with the same values of (pzy &:) as those from the Z2N
Orbit Code with N = 2. However, the initial values of (p,, ¢.) for the theory runs
were changed slightly so as to match as well as possible the resultant phase plots with

those obtained from the Z2¥ QOrbit Code with N = 2.

3.3 Conclusions

From the results of the two different cases for v. = 0.740 and v, = 0.749, we can
conclude that the v, = 3/4 resonance is not “isolated” and that the coupling terms
have significant effects on the orbits. Moreover, the coupling effects between the z

and = motion can be reproduced, within a reasonable accuracy, using only the most
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slowly varying components of the lowest order coupling terms in the Hamiltonian.
By inclusion of the coupling terms, both the qualitative and quantitative agreement
between the Z?N Orbit Code results and the theoretical results is significantly im-
proved. In addition, the success of the theory here also provides evidence that the.

Z*N Orbit Code is functioning properly.



Chapter 4

Effects of higher order terms

Up to this point, we have ruled out the effects of the terms of the magnetic field
components which are of order higher than four in 2. It’s very important to decide
whether it is worth going to the trouble of including higher order terms in orbit
computations and hence at what order one can safely truncate the series. For the

field components given in Egs. 2.1- 2.5, the higher order increments up to 28 are:

2% e 2 s
AB, = - —aV2B+§!-V2B , (4.1)
0
AB, = —EAC’ (4.2)
ABy = —%AC’, (4.3)
with
B, P
AC = asz — ﬁsz- (4.4)

Before setting out on actual comparisons based on orbit computations, there are

several points we should note.

First of all, the representation for the magnetic field components assumes there
are no sources (no singularities). As the value of z increases, one approaches various
sources such as trim coils and pole face, and the representation becomes less appro-

priate. However, in actual operation of the K1200 superconducting cyclotron, the

35
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maximum vertical displacement of beam, z,,, is usually limited to be z, < 5 mm,
while the height of the liner is about 19 mm. Because the effects of higher order
terms of the magnetic field components become significant only for large 2 ampli-
tudes, higher order terms beyond a certain order can be neglected without making
much difference if one is interested in motion within a z,, much less than the magnet

gap.

Secondly, including higher order terms requires more orbit computation time and
more memory capacity of a computer. Determining the lowest possible order of

truncation is therefore crucial in the light of cost-effectiveness.

Effects of the terms of the magnetic field components that are of order higher
than four were studied by comparing the results of orbit computations obtained by
using the magnetic field components up to z° or z® terms with those derived by using
the magnetic field up to 2*. Three different calculations were carried out. One was
carried out using an orbit with the same initial conditions as those of the orbit # 1
in the top diagram of Fig. 3.2. Another was done using an eigenellipse in z phase
space at £ = 10 MeV/u. This eigenellipse was accelerated until the energy of the
central ray reached the final energy E; = 40 MeV/u to see how much difference the
higher order terms make. For both cases, the Z? Orbit Code was used with N = 2,
N =3, and N = 4 for comparison. And thirdly, a brief study of one of the sixth-order
resonances, the v, = 3/6 resonance, was carried out using the Z2¥ Orbit Code with

N =2 and N = 3 to show the effects of higher order terms.

4.1 The Z?) Orbit Code

Before the results are presented, a brief description of the orbit code used for the

orbit computations is given here. The Z?V Orbit Code is a modified version of the
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Z* Orbit Code based on the development of new differentiation schemes using a finite
difference technique as was pointed out in the beginning of Chapter 1 (for details,

refer to the appendix). There are two differences between the two orbit codes.

One difference is that the Z2V Orbit Code has an option specified by N while the
Z* Orbit Code uses the magnetic field components only up to z* terms. For each
choice of N =1,2,3, or 4, the magnetic field components up to 22V terms are used.
(For example, with N = 2, the magnetic field components up to z* terms are used,
which corresponds to the Z* Orbit Code.) This option enables one to study nonlinear

effects order by order.

The other difference is that the Z2V Orbit Code uses the improved differentiators
for evaluating various derivatives while the Z* Orbit Code utilizes the simple “old
differentiators” (see Eqs. A.1 and A.2 in the appendix). In order to maintain consis-
tency in differentiation, the Z?¥ Orbit Code needs to store 3N maps of derivatives
and a map of the midplane field data before orbit computations. For example, for
N =1, the Z* Orbit Code needs the maps of %? (related with B,) and 2& (related
with By), in addition to the map of V2B (related with B,). But the maps of 85 and
% are automatically computed and stored by a subroutine in the Z2¥ Orbit Code
when the map of B is given as an input. The Z2V Orbit Code with N = 2 requires six
maps of derivatives besides a map of the midplane field data, while the old Z* Orbit
Code needs only two maps of derivatives plus the map of the midplane field data.

Thus, improved accuracy in the evaluation of derivatives is achieved at the expense

of computation time and memory space.

Except for the two differences mentioned above, the two nonlinear orbit codes are
the same, including the use of exact equations of motion that can be derived from a

Hamiltonian given in Eq. 2.9.
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4.2 Effects of higher order terms on certain orbits

The orbit computation results presented in section 3.1 using the Z2¥ Orbit Code with
N = 2 reflect the effects of the magnetic field components only up to z%. To see the
significance of the higher order terms in the magnetic field components, we chose the
orbits # 1 and # 3 in the top diagram of Fig. 3.2 and repeated similar calculations
using the Z2V Orbit Code with N = 2, N =3, and N = 4. The orbit # 1 was
chosen again because it defines the separatrices for the resonance and because of the

existence of a chaotic layer surrounding the separatrices which greatly amplifies small

differences in the orbits.

Figure 4.1 shows three z-space maps of orbits for which one can get as close as
possible to the separatrices at v, = 0.740 without jumping out of the island. These
three maps were obtained by plotting p,sin ¢, vs. pz €os ¢, once per sector for 190
turns using the Z*¥ Orbit Code with N = 2 (top diagram), with N = 3 (bottom left
diagram), and with NV = 4 (bottom right diagram). The orbit in the top diagram has
the same initial conditions as those of the orbit # 1 in Fig. 3.2, which are (z0 = 3.9192,
P20 = 0). But the corresponding initial conditions for the bottom left (right) orbit
are (20 = 3.9243 (3.9522), p,o = 0) for N = 3 (V = 4), which differ by less than 1
%. All these initial conditions are in units of mm. It should be noted that the basic
features of the diagrams, such as the location of the unstable fixed points, remain
almost unchanged even with inclusion of the terms of order higher than four in z to
the magnetic field components. In these diagrams, the maximum p, is 12 mm which
corresponds to a maximum z value of 15 mm while, as noted above, the usual beam

height z,, =5 mm and the height of the liner is about 19 mm.

Figure 4.2 shows three maps of an orbit that has the same initial conditions as

those of the orbit # 3 in the top diagram of Fig. 3.2. These were obtained by plotting
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pSin @, vs. p,cos¢, at every sector 6 = 2n7/3 for 100 turns using three different
options of the Z2V Orbit Code with N = 2 (top diagram), N = 3 (bottom left
diagram), and N = 4 (bottom right diagram). The length and width of the small
blur of points expand by less than 1 % compared with the average p, values of the
points. It is clear from this figure that inclusion of higher order terms does not make

a significant difference in the location of the “stable fixed points”.

As a second investigation, we chose an eigenellipse in z phase space at £ = 10
MeV/u at § = 0° with emittance 2rJ,/p = 7.64 rmm-mrad (assuming p = 1.0 m)
and accelerated the orbits until the energy of the central ray reached E =40 MeV/u
in order to determine the integrated effects of higher order terms. Figure 4.3 portrays
the resultant “ellipse” in z-phase space at every 10 MeV/u during the acceleration,
which ran for 619 turns from 10 MeV /u to 40 MeV /u. Initially, all the points on the
eigenellipse share the same values of (ro, pro) which are on the accelerated equilibrium
orbit. Figure 4.4 shows the corresponding z-phase space diagrams depicted at every
10 MeV/u. During the course of acceleration, the eigenellipse passes through various
resonances depicted in Fig. 1.1 and some of these resonances couple the z-motion
into the z-motion as shown in Fig. 4.4. (A similar calculation was performed over a

limited range of energy across the v, = 3/4, resonance and is presented in Figs. 1.2

and 1.3.)

Table 4.1 shows the rms differences in the final values of (z, p,), (z, p;), and (E, ®)
for the orbits at the final energy Ef = 40 MeV/u. The left and right columns show
the rms differences in the results derived from the Z?¥ Orbit Code with N = 2 and
N =3, and with N = 2 and N = 4, respectively. The final ellipse has Az = 8 mm
at = 0° and for all § values, Az = 12 mm, which is only 20 % greater than the
assumed beam height 2z,, = 10 mm. The rms differences listed in the table are

negligible compared with the corresponding values.
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Figure 4.1: Three maps of orbits for which one can get as close as possible to the
separatrices at v, = 0.740 without jumping out of the island. These were obtained by
plotting p,sin ¢, vs. p,cos ¢, at every sector § = 2n7w/3 for 190 turns. The orbit at
the top (with N = 2) has the same initial conditions as those of the orbit # 1 in the
top diagram of Fig. 3.2, which are (2o = 3.9192, p,o = 0). The orbit at the bottom left
(right) has the initial conditions (2o = 3.9243 (3.9522), p,o = 0) for N =3 (N = 4).
Here all the initial values are in units of mm. The variation in the initial conditions is
less than 1 % and the basic features, such as the location of the unstable fixed points
remain almost unchanged even with inclusion of higher order terms proportional up
to 2% and 28,
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Figure 4.2: Three maps of an orbit that has the same initial conditions as those of the
orbit # 3 in the top diagram of Fig. 3.2. These were obtained by plotting p, sin ¢,
vs. p,cos @, at every sector § = 2nx /3 for 100 turns using the three different options
of the Z?N Orbit Code with N = 2 (top diagram), N = 3 (bottom left diagram),
and N = 4 (bottom right diagram). The length and width of the small blur of points
expand by less than 1 % compared with the average p, values of the points. It is clear
from this figure that inclusion of higher order terms does not significantly affect the
location of the “stable fixed points”.
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Figure 4.3: Evolution of an eigenellipse in z-phase space starting at 10 MeV/u (top
left diagram) depicted at every 10 MeV/u during its acceleration for 619 turns after
which the central ray reaches the final energy Ey = 40 MeV/u (bottom right diagram).
These plots obtained by using the Z2Y Orbit Code with N = 2 show the evolution of
the ellipse at 20 MeV /u (top right diagram), at 30 MeV /u (bottom left diagram) and
at 40 MeV/u (bottom right diagram). It should be noted that the initial emittance
is 2rJ,/p = 7.64 7mm-mrad (assuming p = 1.0 m) for the initial eigenellipse at
10 MeV/u. (These diagrams should be compared with the those in Fig. 1.2 which
are the results of a similar calculation.) Initially, all the points on the eigenellipse
share the same values of (ro, pro) which is on the accelerated equilibrium orbit at 10
MeV/u. The bottom right diagram is deformed appreciably due to the traversal of
the v, = 3/4 resonance between 30 MeV/u and 40 MeV/u. Almost exactly the same
results were obtained with the N = 3, and N = 4 options for the Z2¥ Orbit Code.
(The same is true for the results in Fig. 4.4 below.)
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Figure 4.4: The evolution in z-phase space of the orbits in Fig. 4.3 obtained by using
the Z2N Orbit Code with N = 2. These plots show the evolution from 10 MeV/u
(top left) to 20 MeV/u (top right) to 30 MeV /u (bottom left) to 40 MeV/u (bottom
right). Initially, all the points share the same values of (ro, p,o) which are on the
accelerated equilibrium orbit at £ = 10 MeV /u (thus depicted as a point in top left
diagram). Due to the traversal of the coupling resonances 2v, = v, and 2v, +2v, = 3
depicted in Fig. 1.1 between 10 MeV/u and 20 MeV /u, relatively large z-p, spreads
of Az ~ 1 mm and Ap, ~ 2 mm develop between the two top diagrams. Afterwards,
the orbits do not cross any coupling resonances up to fourth order, and the area of
the xz-phase space diagram shrinks. These diagrams should be compared with those
in Fig. 1.3.



Table 4.1: rms differences in orbit computations obtained from the Z2¥ Orbit Code
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with N=2and N =3, and with N =2 and N =4

N=2and N=3|N=2and N =4
Az | 6.74x 10" mm | 6.81 x 107 mm
Ap, | 5.77x10* mm | 5.80 x 10~ mm
Az | 6.38x10* mm | 6.53 x 107* mm
Ap, | 385x107* mm | 4.01 x 10™* mm
AE | 1.712x 1072 keV | 1.83 x 1072 keV
A® | 1.08x 1073 deg | 1.14 x 1072 deg

From the results shown in Figs. 4.1-4.4 together with Table 4.1, it can be concluded
that the Z2 Orbit Code with N = 2 can be used for all orbit computations relevant to
the K1200 cyclotron. This restriction makes orbit computations relatively inexpensive

as far as computing time and memory are concerned.

4.3 Effects of higher order terms on the v, = 3/6
resonance at v, = 0.497

The effects of higher order terms were studied near the v, = 3/6 resonance at v, =
0.497 with E = 16.63 MeV /u using the Z?" Orbit Code with N = 2 and N = 3.
The v, = 3/6 resonance is at £ = 16.73 MeV/u where v, = 1.070. At v, = 0.495,
we could not find clear separatrices, and for v, values even closer to the resonance, it
takes a large number of turns to get the results. Because of these reasons, v, = 0.497
was chosen as a point in between. It should be noted that at v, = 0.50, there are
many overlapping resonances such as v, = 1/2, v, = 2/4, v, = 3/6, and so forth.
The v, = 3/6 resonance is excited by the third harmonic component of the magnetic
field which is one of the main harmonics of the K1200 superconducting cyclotron
with three-fold symmetry in the magnet. On the other hand, the v, = 1/2 resonance

and the v, = 2/4 resonance are generated by imperfection field components which
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were excluded for this study by making the magnetic field symmetric for the sake of

simplicity.

Figure 4.5 shows two z-space diagrams of an orbit obtained by plotting p, sin ¢,
vs. p, cos ¢, once per sector. The top diagram was obtained by using the Z2V Orbit
Code with N = 3 for 1000 turns at (v, = 1.070, v, = 0.497) with £ = 16.63 MeV/u.
The initial conditions (2o = 7.11 mm, IT,o = 0 mm) of this orbit were chosen in such
a way that one can get as close as possible to the separatrices using the Z2V QOrbit

Code with N = 3. The initial values (ro, pro) are again on the EQ to avoid added

complexity.

The bottom diagram in Fig. 4.5 showing maps of two different orbits was derived
from the Z* Orbit Code with N = 2. The inner orbit in bottom diagram obtained
by running for 250 turns has the same initial conditions as those of the orbit in the
top diagram. The outer orbit was derived by running 1300 turns in such a way that
one can again get as close as possible to the separatrices. But it has different initial

conditions, (2o = 8.13 mm, I, = 0 mm).

The distinct features of a sixth-order resonance are observed for the top diagram
which are composed of six islands and a central stable region. But the inner orbit,
which has the same initial conditions as those of the orbit at the top, is still inside
the central stable region. On the other hand, as is also depicted in Fig. 4.5, when the
initial conditions are changed into (2o = 8.13 mm, II,o = 0 mm), the characteristic
structure pertaining to the sixth-order resonance emerges here also. (See the outer
orbit in the bottom diagram.) This originates from the 2® terms coming from the
terms proportional to A% or A2 that are obtained when the square root term of
the Hamiltonian in Eq. 2.9 is expanded, even though the magnetic field components
contain terms only up to fourth-order in z. But the width of the six islands of the

bottom diagram is less than that of the top diagram, which suggests a weaker driving
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force for the v, = 3/6 resonance in the case of the orbit at the bottom.

Due to coupling effects, the maps of the orbit in z-space have finite thickness and
this thickness grows as the value of J. grows. Figure 4.6 shows a diagram of the
coupled motion in z-space for the orbit at the top in Fig. 4.5. The maximum value
of p; of the coupled motion is about 20 % of the maximum value of Pz, and this
percentage is about two times larger than the ratio of the maximum value of p, to
that of p, for the orbit # 1 in Fig. 3.3. Besides, all the unstable fixed points are
fuzzier than for v, = 3/4. All these results indicate that coupling effects are stronger

here than for the v, = 3/4 resonance.

From Figs. 4.5 and 4.6, it is interesting to find that even though all the sixth-order
terms in the magnetic field components are omitted, the typical phase space structure
for a sixth-order resonance emerges and that the value of p, for the unstable fixed
points differs only by 14% compared with the results obtained by using the magnetic
field components up to 2% terms. However, it is clear that one can not obtain accurate
results for the v, = 3/6 resonance without using the Z2V Orbit Code with N = 3, at

least.
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Figure 4.5: Two z-space diagrams for v, = 0.497 at E = 16.63 MeV/u obtained by
plotting p. sin ¢, vs. p, cos ¢, once per sector. The top diagram was obtained by using
the Z*V Orbit Code with N = 3 for 1000 turns with the initial conditions (20 =T7.11
mm, [, = 0 mm). These are chosen in such a way that one can get as close as possible
to the separatrices. The bottom diagram showing maps of two different orbits was
derived from the Z?¥ Orbit Code with N = 2. The inner orbit in the bottom diagram
obtained by running for 250 turns has the same initial conditions as the top diagram.
The outer orbit was derived by running 1300 turns with (20 = 8.13 mm, I, = 0
mm). These turn numbers are required to make approximately one revolution in
the diagram. Without the higher order terms in the magnetic field components, the
inner orbit is still inside the central stable region without showing any sign of the
sixth-order resonance. But as shown for the outer orbit, even with the magnetic field
components containing terms only up to z*, the typical phase space structure of a
sixth-order resonance still emerges. Besides, all the unstable fixed points are fuzzier
than those for the v, = 3/4 resonance due to stronger coupling effects here.
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Figure 4.6: The z-space diagram showing the result of coupled motion in z space near
the v, = 3/6 resonance at v, = 0.497 for the same orbit shown in the top diagram of
Fig. 4.5. This was obtained by plotting p, sin @, vs. p, cos ¢, once per sector using
the Z?¥ Orbit Code with N = 3 for 1000 turns. The maximum value of p, for this
orbit is about 20 % of the maximum value of p,, which is about two times larger than
the ratio of the maximum value of p, to that of p, for the orbit # 1 in Fig. 3.3. This
reflects stronger coupling effects here than for the v, = 3/4 resonance.




Chapter 5

Comparison of old and new
methods for computing field
derivatives

Recently a new finite difference technique for evaluating the off median plane magnetic
field components has been developed [3]. The main motivation was based on the
observation that maps of the higher order terms in the magnetic field components
obtained by using the “old differentiators” in the original Z* Orbit Code become
increasingly more noisy. The objective was to design new differentiators to suppress
noise effectively without destroying important components by maintaining reasonable
accuracy over a sufficiently wide range of low frequencies. For a detailed discussion,
refer to the appendix. In this chapter, some results on the comparison between the

improved differentiators and the “old differentiators” are given.

As a direct test, we present maps of the second-order and fourth-order terms of
B, in Eq. 2.1 and the first-order term of B, in Eq. 2.2 which are evaluated at z = 0.5
(in) by using the improved differentiators. We also present maps of the differences
between these maps and those computed using the “old differentiators”. In addition,
as an indirect test, the results of orbit computations for three different orbits with

distinct physical characteristics obtained from the Z%¥ Orbit Code with N = 2 using
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the improved differentiators are compared with those for the same three orbits derived
from the Z* Orbit Code utilizing the “old differentiators”. This is to show explicitly
how a small amount of noise in the off median plane magnetic field components affects
orbits when it is not suppressed effectively. It should also be pointed out that all the

orbit computation results presented in the previous chapters were obtained by using

the new Z2N Orbit Code.

5.1 Application to K1200 cyclotron field

The magnetic field here is exactly the same as that used in the preceding chapters.
The median plane field map was measured on a polar mesh with Af = 1° and Ar = 0.1
(in) while the pole radius is 42 (in). But for the orbit studies in Chapter 3, we
used a field map restricted to the range from r = 32 (in) to r = 40 (in) and from
0 = 0° to § = 119°. As shown in the appendix, the improved differentiators have a
cutoff frequency weyiofrs & 1.05 and strongly suppress higher frequency signals. This
cutoff frequency corresponds to the 20th harmonic obtained from a Fourier analysis
of the field with perfect three-fold azimuthal symmetry. Moreover, the improved
differentiators accurately evaluate the derivatives over a much broader range of low
frequencies than the “old differentiators”, while suppressing more effectively the high

frequency signals associated with noise.

We have applied the improved differentiators and the “old differentiators” to eval-
uate the coefficients of the magnetic field components in Eq. 2.1 and Eq. 2.2 using
the measured median plane magnetic field data shown in Fig. 5.1. The maximum

and minimum field values here are 45 kGG and 30 kG, respectively.

As an illustration, Fig. 5.2 shows at the top a map of the second-order term, VZB x

0.5%/2!, evaluated at z = 0.5 (in) obtained by using the improved differentiators, and
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the map of the difference at the bottom between this and the map for the same term
obtained by utilizing the “old differentiators”. The maximum and minimum of the
map at the top for VZB x 0.52/2! are (248 G, —352 G) respecfively, and those of the
difference map at the bottom are (13.0 G, —11.9 G). The map of the difference at
the bottom shows the relative defects of the old differentiators in suppressing high

frequency signals.

Similarly Fig. 5.3 shows, at the top, a map of the fourth-order term, ViBx0.5*/4!,
evaluated at z = 0.5 (in) obtained by using the improved differentiators and at the
bottom, a map of the difference between this and the map of the same term obtained
by utilizing the “old differentiators”. The maximum and minimum of the map at the
top are (82.3 G, —104 G) respectively, and those of the difference map at the bottom
are (33.9 G, —28.5 (). Because useful data which are slowly varying are washed out
to an appreciable extent by the “old differentiators” when they are applied twice to
get the fourth-order term, the values of the bottom map depicting the difference are
significant compared with those of the fourth-order term itself. The amount of slowly
varying components washed out by the old differentiators is so large compared with
noise that it is difficult to observe rapidly varying noise compared with the case for
the map portraying the difference in the second-order term shown in F ig. 5.2. Refer to
Figs. A.10 and A.12 in the appendix for the wash out of physically important slowly
varying components by the “old differentiators”. For the case dealing with data with
noise, refer to Figs. A.13 and A.14 in the appendix. As is discussed in detail in the
appendix, the “old differentiators” are accurately evaluating derivatives only over a

very limited range of low frequency.

Figure 5.4 shows the map of g;zB evaluated at z = 0.5 (in) at the top which
is the leading term of B, in Eq. 2.2 obtained by using the improved differentiators,

and at the bottom, a map of the difference between this and the map of the same
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term obtained by using the old differentiators. The maximum and minimum values
of z%ZB evaluated at z = 0.5 (in) are 1.96 kG and —1.92 k@ respectively. This is the
leading term of B,, and B, plays a dominant role compared with By in the z focusing.
Because of these reasons, %zB is a physically important term. The maximum and
minimum values of the difference at the bottom are 14.7 G and —16.5 G respectively,
and these values are less than 1 % compared with 1.96 kG and —1.92 kG. Just as
in Fig. 5.2, the difference map shows the relative defects of the old differentiators in

suppressing rapidly varying components of data.

5.2 Application to orbits near the v, = 3/4 reso-
nance

As an indirect test, comparison of the results of orbit computations was conducted
near the v, = 3/4 resonance at v, = 0.740. Three different orbits were chosen. One
set of orbit computations was carried out for the three orbits using the Z2V Orbit
Code with N = 2 and the other set of orbit computations was performed for the same

three orbits using the old Z* Orbit Code.

One orbit exactly the same as # 1 in Fig. 3.2 was chosen again. This orbit
is close to the separatrices and due to the chaotic layer, any kind of error in the
computation can easily be amplified. Figure 5.5 shows clearly the difference in the
orbit computation results which portray two maps of this orbit obtained by plotting
p.Sin ¢, vs. p, cos ¢, once per sector for 400 turns. The map at the bottom obtained
from the Z* Orbit Code spirals inward and is asymmetric, while that at the top
obtained by using the Z?¥ Orbit Code with N = 2 exhibits a more physical behavior.
It is remarkable that small differences in the various order terms of the magnetic field

components can produce such a noticeable difference.
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Figure 5.1: Map of B(r,0) = —B,(r,8,z = 0) of a magnetic field of the K1200
superconducting cyclotron with ¢/A = 0.25 and a nominal final energy E; = 40
MeV/u over the range 32 (in) < r < 40 (in) and 0° < § < 119° used for orbit
computations in the preceding chapters. This field has a perfect three-fold azimuthal
symmetry. The maximum field value is 45 kG and the minimum is 30 kG. The
magnetic field within this radius range is very nonlinear.
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Figure 5.2: A map of V3B x 0.5%/2! evaluated at z = 0.5 (in) by using the improved
differentiators (at the top) and a map of difference between this and the map for the
same term computed using the “old differentiator” (at the bottom) for the magnetic
field shown in Fig. 5.1. The maximum and minimum values of the map at the top
are (248 G, —352 G) respectively while those of the difference map at the bottom
are (13.0 G, —11.9 G). Note that the two maps are not plotted to the same scale.
The map at the bottom depicting the difference shows the relative defects of the old
differentiators in suppressing noise.
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Figure 5.3: A map of V4B x 0.5*/4! evaluated at z = 0.5 (in) by using the improved
differentiators (at the top) and a map of difference between this and the map for the
same term computed using the “old differentiator” (at the bottom) for the magnetic
field shown in Fig. 5.1. The maximum and minimum values of the map at the top
are (82.3 G, —104 G) respectively while those of the difference map at the bottom
are (33.9 G, —28.5 (). Note that the two maps are not plotted to the same scale.
Because useful slowly varying components of data are washed out to an appreciable
extent by the “old differentiators” when they are applied twice to get the fourth-order
term, the values of the bottom map depicting the difference are significant compared
with those of the fourth-order term itself at the top. (See Figs. A.10 and A.12 in
the appendix for the wash-out of physically important slowly varying components of
data.) Moreover it is not easy to observe the rapidly varying small noise because it
is buried in the washed out data.
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Figure 5.4: A map of %zB evaluated at z = 0.5 (in) by using the improved dif-
ferentiators (at the top) and a map of difference between this and the map for the
same term computed using the “old differentiator” (at the bottom) for the magnetic
field shown in Fig. 5.1. This is the leading term of B, and B, plays a dominant
role in z-focusing. The maximum and minimum values of the map at the top are
(1.96 kG, —1.92 kG) respectively while those of the difference map at the bottom
are (14.7 G, —16.5 G). Note that the two maps are not plotted to the same scale.
The map at the bottom depicting the difference shows the relative defects of the old
differentiators in suppressing noise.
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Figure 5.6 shows two z-space diagrams of an orbit just outside of the separatrices
obtained by plotting p, sin ¢, vs. p, cos ¢, once per sector for 500 turns. The diagram
at the top was obtained by using the Z?V Orbit Code with N = 2 and tha.t at
the bottom by using the old Z* Orbit Code for the same orbit. Highly chaotic
characteristics are observed for the map derived from the Z* Orbit Code, which
reflects the effects of remaining rapidly varying components of field data that were

not effectively suppressed by the old differentiators.

Figure 5.7 shows two z-space diagrams of an orbit just inside the inner separatrix
obtained by plotting p, sin ¢, vs. p, cos ¢, once per turn (instead of once per sector) for
1000 turns. The map at the top was obtained from the Z*¥ Orbit Code with N = 2
and that at the bottom was derived from the Z* Orbit Code. The corresponding
values of 2,4, and 2y, are 5.3 mm and —5.3 mm. The bottom map of this orbit slowly
spirals outward as the turn number increases, while the map at the top remains almost
unchanged and shows more physical behavior. This results from a rather inaccurate
evaluation of field derivatives and poor suppression of rapidly varying components of

data by the old differentiators.

It turns out that noise in the calculated magnetic field components makes numer-
ically computed orbits highly chaotic especially near the chaotic region. Without a
proper handling of the noise inherent in the measured median plane magnetic field

map, one can apparently obtain orbit computation results that appear unrealistic.
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Figure 5.5: Two maps of an orbit close to the separatrix for v, = 0.740 which is
near the v, = 3/4 resonance. This orbit has the same initial conditions as those of
the orbit # 1 in top diagram of Fig. 3.2. These were obtained by plotting once per
sector for 400 turns. Due to the chaotic layer on the separatrix, any kind of errors
in orbit computations can be visualized with ease. The bottom diagram of this orbit
obtained from the Z* Orbit Code using the “old differentiators” spirals inward and
is asymmetric, while that obtained from the Z2" Orbit Code with N = 2 exhibits
more physical behavior (see the top diagram).
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Figure 5.6: Two maps of an orbit in the z-dimensional phase space just outside the
separatrices for v, = 0.740 which is near the v, = 3/4 resonance. The map at the top
was obtained from the Z?N Orbit Code with N = 2 and that at the bottom by using
the Z* Orbit Code for the same orbit. These diagrams were obtained by plotting
once per sector for 500 turns. The map at the bottom shows highly chaotic behavior,
which is a result of poor suppression of noise in numerical computation of magnetic
field components by the “old differentiators”.
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Figure 5.7: Two maps of an orbit in the z-dimensional phase space just inside the
inner separatrix for v, = 0.740 which is near the v, = 3/4 resonance. The map at the
bottom was obtained from the Z* Orbit Code and that at the top was derived from
the Z2V Orbit Code with N = 2 for the same orbit. These were obtained by plotting
once per turn (instead of once per sector) for 1000 turns. The map at the bottom
slowly spirals outward while that at the top remains almost the same.



Appendix A

Finite difference method for
calculating magnetic field
components off the median plane
using median plane data

Gordon and Taivassalo [1, 14] evaluated the coefficients in Egs. 2.1- 2.3 using the

second-order central difference scheme as follows:

fi = (fin—fimr)/2A (A.1)

= (fipa + fica — 2f3) JAN? (A.2)

where f; = f(z;) and A is the step size of the mesh. These are what we call the old
differentiators which are used by the Z* Orbit Code. This scheme presents difficulties
both in accuracy and maximum order of expansion due to amplified noise produced
by taking derivatives. By “noise”, we mean any high frequency components like those

usually associated with noise.

In an effort to overcome the difficulties, new differentiators using a finite difference
technique were developed and we call them the “improved differentiators”. Here, a

detailed description is presented.

The finite difference scheme, which is a special case of the compact finite difference
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scheme, is used to avoid additional complexity imposed by compact schemes. If one
wants to enhance accuracy, a plausible way would be to use compact finite difference
schemes. A lot of work has been done for compact finite difference schemes [15,
16, 17, 18], and work for non-uniform mesh has also been done [19, 20]. Especially
Lele [18] did recent work on compact finite difference schemes. Even though the
operators designed by Lele have a frequency response reasonably close to that of
mathematical differentiation over the complete frequency range, they are not adequate
for processing measured data containing noise because sufficient suppression of high

frequency signals is not provided.

The frequency w which is going to be used extensively later is defined as follows.
Let’s suppose there is a uniform mesh and a sinusoidal signal e** is applied to it
where k is the wavenumber. When the distance between two consecutive mesh points
is A, the subsequent phase advance is kA. Thus we define w = kA. So the largest w

without the problems of “aliasing” is 7.

There are two poésible ways to compute derivatives of a magnetic field. One way
to do so is to process a magnetic field with a certain filter to remove high frequency
components before taking any derivatives. If the undesirable high frequency com-
ponents are suppressed to a satisfactory extent, comparatively simple and standard
differentiators can be used for computing derivatives. The other way is to mix pro-
cesses of computing derivatives and filtering. We decided to take the latter approach
for the following reasons. First of all, there are many orbit codes used in this labora-
tory (and many other laboratories) to calculate various orbit properties which do not
require any of the off median plane magnetic field components, but only the median
plane field map itself, and all the researchers in this laboratory prefer having the field
data unaltered for orbit computations. Secondly, it is vital to preserve the consistency

between the results obtained by the orbit codes using only the unprocessed median
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plane field map and those obtained by the nonlinear orbit codes utilizing both the

median plane field map and the off median plane field components.

We will use a composite operator of more than two finite difference operators that
use only three nodes. In this case, the use of separate algorithms to evaluate deriva-
tives at nodes near the boundaries can be avoided by imposing simple conditions for
each 3-node operator. The following property is useful to get the frequency response

of composite operator obtained in this way.

Let’s consider a composite operator of two linear operators L; = 3" h; (n) f. and
Ly = Y hy(m) g, with the corresponding frequency response H; and H,. Then
the frequency response of the composite operator of these two is H;H,, which is
independent of the ordering of application of the linear operators. If one considers
the properties of Z transformations [21, 22), it is straightforward to verify the previous

statements. We are going to use this for the design of the operators.

A.1 Design of the first and second order differ-
entiators in one dimension

The standard second-order central difference scheme composed with a filter is used
to improve the frequency response of differentiators. The use of such a filter is to
provide a strong suppression of high frequency signals and by adjusting a parameter

@ of the filter, to improve the low frequency response at the same time.

First of all, the filter F' is introduced that transforms {f,} to { fn} suppressing
high frequency signals. For the first-order and the second-order differentiator, the
parameter ) is adjusted respectively to produce a reasonable result. It is given

below:

fa,forn=0,...,N+1
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4
gn = (fn—l + 2fn + fn+1)/4
Jo = an gn+1 = fN+1

Y

hn = gn — —ff—(gn_l + Gnt1 — 29)
ho = go, hn+1 = g

4

kn = (hn-1+ 2hyn + hpyq) /4

ko = hoy knir = hyes

Y

A 1
fn = kn - Z (kn—-l + kn+1 - an)

fo=ko, frir = kns.
The frequency response H'F) of the filter is as follows:
(F) (. _ 2 Q . 2 1.,
HY) (w) = |cos® (w/2) + 2 Sin (w)| |cos® (w/2) + 7 5in (w)]. (A.3)

The improved first-order differentiator is a combination of the central difference
scheme (refer to Eq. A.1) and a filter, which ends up with being an eleven-point
formula. With the choice of @ = 1.70, reasonable low frequency response was obtained
for the first-order differentiator. More detailed discussion about the choice ¢ = 1.70
is given at the section for resolving efficiency. The operator DW which approximates
first-order derivative {f (z,)} for n = 1,...,N from a given set of data {f, =

f(zy)} forn=0,...,N +1is as follows:

fosforn=0,..., N+1

Y
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dn = (fn+l _fn—l)/2A7 forn = 1,...,N
Y
Sy = (dn+1 + 2dn + dn—l) /4:

s1=dy, sy=dy

U
1.7
gn = 8p — T (3n+1 + 8$p1 — 2371)
g1 = 81, gN = SN
Y

h'n = (gn+1 + an + gn—l) /4

hq =01, hy =4gnN

U

d 1

% (.’L‘n) = hn - Z (hn+1 + hn—l - 2hn)
d d

E;f(wl) = ha, Zz‘f(l’N) = hy.

Complete expression of the operator DY) is applied for the nodes with n = 5 to
n = N — 4 but we can still get good evaluation of derivatives for the rest of nodes
at the same time. It is convenient to express an operator as a composition of several
3-node linear operators with simple treatment of nodes at end. This keeps us from
the trouble of using a separate algorithm to evaluate derivatives at each of the nodes

withn=1,...,4dandn=N-3,...,N+1.

The frequency response HY) of the first-order differential operator, DV, is:
@ .- 2 L7 . 5 2 1.,
H'Y (w) =isin (w) |cos® (w/2) + ~ sin (w)]| |cos® (w/2) + 7 Sin (w)] - (A4)

Notice that this is pure imaginary, so it doesn’t have any phase shift. Additionally

it has a frequency response reasonably close to that of mathematical differentiation
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Table A.1: Resolving Efficiency e; (¢) of the First-Order Derivative Schemes

Scheme €e=0.1]e=0.01 | e=0.001
Improved first-order differentiator | 0.29 0.16 0.10
Old first-order differentiator 0.25 0.08 0.02

for low frequency, and suppresses high frequency signals sufficiently. The fractional
differences of frequency response for the old and improved differentiators are depicted
in Fig. A.1 to show the low frequency characteristics. By composing the central
difference scheme with the filter, low frequency response was improved considerably

compared with that of the old differentiator (refer to Fig. A.1).

Before making comparison, let’s define resolving efficiency of approximate first-
order differentiators, e; (¢) = wy/ [18]. The value w; is the maximum wave-number
of well-resolved wave satisfying the error tolerance relation | HV (w) — iw | /w < e for
any given positive value of e. The resolution characteristics of the old and improved
differentiators are tabulated in Table A.1. In this paper, Q = 1.70 was chosen to
maximize the resolving efficiency for € = 1.0 x 10™* (refer to Fig. A.1). If one wants
to maximize the resolving efficiency for ¢ = 5.2 x 10™%, the natural choice would be
Q = L.75 (refer to Fig. A.1). According to Fig. A.1 and Table A.1, the improved
first-order differentiation scheme is better than the old differentiator. At the same
time, it is superior to the old differentiator in suppressing high frequency signals (refer
to Fig. A.2). It should be pointed out that the cutoff frequency weyso 7f 1s about 1.05

for this improved first-order differentiator judging from the frequency response.

A second-order differentiator is designed separately because when we apply the
first-order differentiator twice (which is acceptable in the light of mathematics), it
effectively is a 22 point formula and is computationally inadequate if we can get

results with comparable accuracy with small number of points to be used. The
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Figure A.1: Plot of (HW (w) — iw)/iw over the range 0 < w < 0.6 for the old
differentiator (real line “b”), and that for the improved differentiator (solid line “a”)
with @ = 1.70. The dotdash line corresponds to ) = 1.65 and the dotted line to
@ = 1.75. Composition of the central difference scheme “b” with the filter improves

the low frequency behavior significantly, which results in “a” with @ = 1.70.
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Figure A.2: Plots of H®) (w) /i, as a function of the wavenumber w over the range
0 < w < 7. Curve “a” is for our improved differentiator, curve “b” for the old
differentiator, and curve “c” for the mathematical first-order differentiator. “a” is
superior to “b” in suppressing high frequency signals and shows a frequency response
reasonably close to that of the mathematical differentiator for low frequency as well.

It should be pointed out that the cutoff frequency weytors is about 1.05.
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improved second-order differentiator again is a combination of the central difference
scheme (refer to Eq. A.5) and a filter, which ends up with being an eleven-point
formula, just like the improved first-order differentiator presented previously. The

second-order central difference scheme is defined as follows:
fz'" = (fix1 + fi-1 — 2f;) /Az (A.5)

where fi = f(z;) and A is the step size of mesh. With the choice of Q@ = 1.36,
reasonable low frequency response was obtained for the second-order differentiator.
More detailed discussion about the choice Q = 1.36 is given at the section for resolving
efficiency. The operator D(® that approximates second-order derivatives {Ed:—z f(zn)}

forn=1,...,N from a given set of data {f,} forn =0,...,N +1 is given below:

fay forn=0,...,N+1 .
Y

dn = (fat1 + fao1 = 2fn) /A%, for n=1,...,N

4

Sp = (dn+1 + an + dn—l) /4

s1=dy, sy =dy

4

gn = Sn — l—fé (Sn41 + Sn—1 — 28,)
g1 = 81, gN = SN

Y

b, = (gnt1 + 290 + Gn-1) /4
hy = g1, hy =gn
|’

d? 1
Ef(’vn) = hn — Z (hn+1 -|- hn—l - th)
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d2 d2
d_:c2 (11) = hy, Zl;f (SCN) = hy.

The frequency response H(? of the second-order differential operator, D2, is:

H? (w) = —4sin? (w/2) [cos2 (w/2) + 1—f£ sin® (w)}

X [cos2 (w/2) + isin2 (w)] : (A.6)

Notice that this is purely real, so it doesn’t have any phase shift. The cutoff frequency
Weutoff 18 about 1.05 for this improved second-order differentiator judging from this
frequency response. The fractional differences of frequency response for the old and
improved differentiators are depicted in Fig. A.3. By composing the standard central
difference scheme with the filter, the low frequency response was improved consider-

ably compared with that of the old differentiator (refer to Fig. A3).

In a similar way, let’s define a resolving efficiency of approximate second-order
differentiators, e; = wy/m where the value wy is the maximum wave-number of well-
resolved wave satisfying the tolerance relation | H® + w? | /w? < ¢ for any given value
of €. In this paper, @ = 1.36 was chosen to maximize the resolving efficiency for € =
1.0 x 107 (refer to Fig. A.3). If one wants to maximize the resolution characteristics
for € = 4.3 x 107, the natural choice would be @ = 1.40 (refer to Fig. A.3). The
resolving efficiency for the old and improved differentiators are tabulated in Table A.2.
The improved second-order differentiation scheme is better than the old differentiator
for low frequency signals (refer to Fig. A.3 and Table A.2). At the same time, it
is superior to the old differentiator in suppressing high frequency signals (refer to

Fig. A.4).

The reason why Gordon and Taivassalo [1, 14] used Eq. A.2 instead of Eq. A.5 is
that the frequency response of Eq. A.2 at w = 7 is equal to 0 while that of Eq. A.5

is not equal to 0. Due to this, Eq. A.5 does not properly suppresses high frequency
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Figure A.3: Plot of (H® (w) + w?)/ — w? over the range 0 < w < 0.6 for the old
differentiator (solid line “b”), and that for the improved differentiator (solid line “a”)
with @ = 1.36. The dotdash line corresponds to @ = 1.30 and the dotted line to
@ = 1.40. Composition of the central difference scheme with the filter improves the
low frequency behavior significantly, which results in “a” with Q = 1.36.
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Figure A.4: Plot of the frequency response H® (w) as a function of the wavenumber w
over the range 0 < w < 7. Curve “a” is for our improved second-order differentiator,
curve “b” for the old differentiator, and curve “c” for the mathematical second-order
differentiator. “a” is superior to “b” in suppressing high frequency signals and shows
a low frequency response reasonably close to that of the mathematical differentiator

as well. It should be noted that the cutoff frequency weyso 7f is about 1.05.
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Table A.2: Resolving Efficiency e, (€) of the Second-Order Derivative Schemes

Scheme e=0.11e=0.011e=0.001
Improved second-order differentiator | 0.30 0.17 0.10
Old second-order differentiator 0.18 0.06 0.02

signals, which makes it difficult to apply these schemes successively to get higher

order derivatives of data with noise.

A.2 Design of the first and second order differ-
entiators in two dimensions

Mathematically one can evaluate a partial derivative in two-dimension only by ap-
plying the differentiator designed for one-dimensional data to two-dimensional data.
It is true for data which do not contain any noise at all. As is presented at the later
section of this appendix (see section A.4), it turns out to be very useful to add an
additional filtering in y when a partial derivative with respect to z is taken of data

which contain noise from any source including truncation errors.

For the partial differentiators in two dimension, the differentiators for one dimen-
sional data presented in the previous section composed with a filter in y are used,
when partial derivative is taken with respect to z. For the sake of convenience,
filter in the differentiators in one-dimension will be called “primary filter” and y fil-
ter will be called “secondary filter” when a partial derivatives with respect to z is
taken. In other words, the difference between the differentiators in one-dimension
and twb-dimension is the addition of “secondary filter” such that when partial dif-
ferentiation with respect to z (y) is performed, suppression of high frequency signals

with respect to y () should be performed at the same time which passes through low
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frequency signals and provides a strong suppression of high frequency signals. This
ensures the suppression of noise signals when partial differential operators are applied
successively to get higher order derivatives. The importance of this filter is very well

demonstrated in Table A.6.

The filter F, that transforms {fnm} to {fum} suppressing high frequency signals

with respect to y with a choice of @ = 1.01 is given below:

Jam, forn=0,...,N+1, andm =0,..., M +1
Y
Inm = (fn,m—l + 2fn,m + fn,m+1) /4

Ino = fn,O’ InM+1 = fn,M+1

b

1.01
hn,m =Gnm — _4— (gn,m——l + Inm+1 — 29n,m)

hn,O = 9n,0, hn,]\/f+1 = Gn,M+1

4
kn,m = (hn,m—l + th,m + hn,m+1) /4

kn,O = hn,07 kn,]\/f—}-l = hn,M—H

4

A 1
fn,m = kn,m - Z (kn,m—l + k’n,m-{-l - 2kn,m)

fn,O = kn,O, fn,M+1 = Kn,M+1-

The frequency response stF ) of the filter, F,, with @ = 1.01 is as follows:

H;F) (wg,wy) = [0082 (wy/2) + 1—2—1— sin’ (wy)] [cos2 (wy/2) + zi—sin2 (wy)|, (A7)

and Fig. A.5 shows the plot of this frequency response.
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Figure A.5: Plot of the frequency response, HF) (w) over the range 0 < w < 7, of
the filter used for the improved partial differentiators with Q = 1.0l as a function
of wavenumber, w. The nice low frequency response and the suppression of high
frequency signals are shown.
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Let’s define a resolving efficiency of the filter, e = w;/7 where the value wy
is the maximum wave-number of well-resolved wave satisfying the tolerance relation

| HF) —1|< e er(e=0.1) = 0.32, er (¢ = 0.01) = 0.17, and ep (¢ = 0.001) = 0.10.

A first-order partial differentiator with respect to z is considered. A combination
of the standard central difference scheme (refer to Eq. A.1) and a z filter (with
@ = 1.70) and a y filter (with @ = 1.01) is used. In this case, the ¢ filter will be
called “primary filter” and the y filter “secondary filter”. The differential operator
D that approximates first-order partial derivatives with respect to x, { 53; f(zn,ym)}
forn =1,...,N and m = 0,...,M + 1 from the data {f,, = f(2n,ym)} for
n=0,...,N+land m=0,...,M +1is:

fam,forn=0,...,N+1,andm=0,..., M +1
4

dnm = (fatrm = fa-1,m) 284

forn=1,...,N,and m =0,..., M + 1

4

$Tnm = (dngim + 2dnm + dny ) /4

ST1,m = dl,ma STNm = dN,m

4

L7

4 (Sx'n+1,m + STn-1,m — 233771.,171.)

9Tnm = STum —
9T1,m = ST1,my JINm = STN,m
hil?n,m = (gxn-{-l,m + 29$n,m + gmn—l,m) /‘1L

hml,m = g%1,m, hle,m = 9TNm

4



(i

1
kxn,m = hxn,m - Z (h$n+1,m + hwn-—l,m - 2hxn,m)

kwl,m = hwl,ma kxN,m = th,m

Y
SYn,m = (kxn,m+l + 2k$n,m + kxn,m—l) /4

SYno = kw‘n,o, SYn, M+1 = kwn,M+1

4

1.01

9Ynm = SYnm — "4_' (Syn,m+1 + SYn,m-1 — 23yn,m)

9Yn,o = SYn,0y 9Yn,M+1 = SYn,M+1
Y
PYnim = (9Ynm+1 + 29Ynm + 9Ynm-1) /4

hyn,o = 9Yn,0, hyn,M+1 = gYn,M+1

4

0 1
%f (xnv ym) = hyn,m - Z (hyn,m+1 + hyn,m—l - thn,m)

0 0
b—:l;f (xn’yO) = hyn,07 a_xf (xnayM+l) - hyn,M+17

where A is the step size of z-mesh.

Evaluation of derivatives at nodes near boundaries is handled properly and with
simplicity without introducing additional algorithms to handle them. In a similar
way, the approximate first-order partial differentiator Dl(ll) with respect to ¥ can be

obtained. The corresponding frequency response of D1 is:

HY (w,,w,) = isin(w,) [cos2 (we/2) + 1—41 sin’ (wx)]
X [cos2 (we/2) + isin2 (wm)] [cos2 (wy/2) + 1—5-1- sin? (wy)

X [cos2 (wy/2) + ZlL-sin2 (wy)] : (A.8)

and Fig. A.6 shows the plot of the frequency response in frequency domain. It should
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be noted that because this is pure imaginary there isn’t any phase shift.

A second-order partial differentiator with respect to z is considered. The standard
central difference scheme (refer to Eq. A.5) composed With a z filter (with Q = 1.36)
and a y filter (with @ = 1.01) is used. In this case, z filter is called “primary filter” and
y filter is called “secondary filter”. The differential operator Dg(f) that approximates
second-order partial differentiation {% f (Znyym)} with respect to z for n = ,...,N
and m = 0,...,M + 1 from data {f,, = S (%asym)} for n = 0,...,N + 1 and
m=0,...,M+1 is as follows:

fam, forn=10,...,N+1, andm=0,...,M+1
4

dnm = (fatrm + fa-1m — 2fnm) | A
forn=1,...,N,andm =0,..., M +1

4

$Tnm = (dns1,m + 2dnm + doey ) /4

$Tim = dimy, STNm = dym

¢
1.36

9Tnm = 8Ty, — 4 (3$n+1,m + STp—1,m — 23$n,m)
9Ty, = ST1,my TN m = STNm
Y
hxn,m = (gxn+1,m + 2gxn,m + gmn—-l,m) /4
hwl,m = 9%1,m, th,m =4JTNm
Y
1
kwn,m = hl'n,m - Z (hxn+1,m + hxn-—l,m - 2hxn,m)

kxl,m = hml,mv kxN,m = th,m
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Figure A.6: Plot of the frequency response of the improved first-order partial differen-
tiator with respect to z divided by i, H{ (w,,wy) /i, for 0 < w, < 7 and 0 < wy <7
The suppression of high frequency signals both in z and y should be noted. It also
shows the correct linear behavior for low frequencies.
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Figure A.7: Plot of the frequency response of the improved second-order partial
differentiator with respect to z multiplied by (=1), —H® (wz,w,), for 0 < w, < 7
and 0 < wy < 7. The suppression of high frequency signals both in z and y should
be noted. It shows the correct quadratic behavior for low frequency components as
well.
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U
SYn,m = (kxn,m-i-l + 2kmn,m + kwn,m—l) /4

SYnpo = kxn,07 SYnM+1 = kxn,M+1

4

1.01
9Ynm = SYnm — ——— (Syn,m+1 + SYn,m-1 — 2'5yn,m)

4
9Yn,0 = SYn,0, IYn,M+1 = SYn,M+1
U
hyn,m = (gyn,m+l + 29yn,m + gyn,m—-l) /4

hyn,O = 9Yn,0, hyn,M+1 = GYn,M+1
¢

? 1
5; (xm ym) = hyn,m - Z (hyn,m+1 + hyn,m—l - thn,m)

0? 0?
6—2:2']((3771’ Yo) = hifn0, %Ef(xnayM+1) = hYyn m+1,

where A, is the step size of z-mesh.

The approximate second-order partial differentiation D,f,z) with respect to y can

be obtained in a similar way. The corresponding frequency response of D{?) is:

H® (wy,w,) = —4sin? (wz/2) [cos2 (wg/2) + l_:i)l(_i_ sin? (wx)]
X [cos2 (we/2) + isin2 (wz)] [cos2 (wy/2) + -1—2—1 sin’ (wy)}
X [cos2 (wy/2) + isin2 (wy)} (A.9)

and Fig. A.7 shows the plot of the frequency response in frequency domain.
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A.3 Application to the field produced by magne-
tized iron bars

Two long iron bars were considered with the geometry —2 < z <2, -2 <y < 2 and
z 2> 1 for one iron bar and -2 <z <2, -2 <y <2and z < —1 for the other. These
bars are uniformly magnetized in the +z direction with a resultant internal field B,.
Let’s define 2; = —2, 5 = 2, y; = —2 and y, = 2. The magnetic field due to the two

sheets of surface charge [1, 23] is given by:

B, (z,y,z) = %Z(——l)”j [arctan (;f}l;i) + arctan (Z)ill};_)] (A.10)

g

where ¢,7 = 1,2, and B, is taken to be 21.4 kG [1] and where:

X, = -1z
Y, = y-y
Zy = 14z,
Z_ = 1-—z,

The map of the magnetic field B, (z,y,z = 0) in kG is shown in Fig. A.8 over the

range —4 <z <4 and —4 <y <4 with Az = Ay =0.1.

B, is Taylor expanded around z = 0 just as in Eq. 2.1. For the sake of convenience,

let’s define:
B(way)sz (:E,y,ZZO) (All)

The program “Mathematica” was used to obtain the analytical expressions of various

. . . 2 2
derivatives such as V2B, ..., V3B with V} = Z5 + 5%5,

We made comparisons between the results obtained from the analytically differ-

entiated formulas using the program “Mathematica” and the results from the two
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Figure A.8: Map of B,(z,y,z = 0) produced by two saturated semi-infinite iron bars
which are magnetized in the +2 direction whose geometry is specified in the text.
This field is plotted over the range —4 <z <4 and —4 <y <4 with Az = Ay =0.1.
Notice how fast the field values decrease as the distance from the origin increases.

The maximum field value is 12.6 £G.
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Table A.3: Comparison of the improved and old differentiators using data without
noise

old differentiators | improved differentiators
term for comparison rms(D) rms(D)
ViB x 0.52/2! 534 G 0.360 G
V3B x 0.5%/4! 3.719 G 0.598 G
VS$B x 0.5%/6! 1.59 G 0454 ¢

different approximate second-order differential operators, one is the old differentiator
used by Gordon and Taivassalo [1, 14] and the other is the improved differentiators

described in section A.2.

The numerical calculations start with values of B (z,y) stored in a uniform square
mesh with Az = Ay = 0.1. Data from —4 <z <4 and —4 <y < 4 were chosen for
comparison because this is the region where drastic changes occur. Exact evaluation
of the derivatives of various order was done by analytically differentiating Eq. A.10
evaluated on the median plane where z = 0 using the program “Mathematica”.
Numerical evaluation of the derivatives of various order was done by applying the
approximate differentiators to the field data of B. In obtaining numerical evaluation
of the derivatives, the field data expressed in kG up to the 11th decimal place obtained

from Eq. A.11 were used to keep truncation error as small as possible.

In each case, we calculated values of a particular term in the expansion of B, for
z = 0.5, which is halfway from the median plane to the poleface. The rms difference
in G between the values obtained from the two different approximate methods and
the exact values from the analytically differentiated expressions are given in Table A.3
where rms(D) is the rms difference between the numerical and analytical results. The
largest magnitudes of the second-order, the fourth-order, and the sixth-order terms

of the expansion are 948 G, 140 G, and 25.2 G, respectively.
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Figure A.9 shows the map of the second-order term in B, V2B x 0.5%/2!, derived
from the analytical expression whose maximum and minimum are 447 G and —948 G.
Figure A.10 shows two maps of the difference in the second-order term in z between
the analytical results and those obtained from the two different differentiators, the
improved and old differentiators. The top map represents the difference between
theory and the improved differentiators, while the bottom map depicts the difference
between theory and the old differentiators. These two maps are plotted to the same

scale.

In a similar manner, Fig. A.11 depicts the map of the fourth-order term in B,
V4B x0.5%/4!, obtained from the analytical expression whose maximum and minimum
are 140 G and —86.5 G, respectively. Figure A.12 shows two maps of the difference in
the fourth-order term in z between the analytical results and those obtained from the
two different differentiators. The top map represents the difference between theory
and the improved differentiators, while the bottom map depicts the difference between

theory and the old differentiators. These two maps are plotted to the same scale.

From these figures and Table A.3, it is clear that the improved differentiators are
an order of magnitude more accurate than the old differentiators for the nonlinear
terms in B, at z = 0.5. This is because the old differentiators wash out physically

important low-frequency components of the data.



86

) ““‘_“‘\\\\ el
AT ‘“\ \

W 75 R
s
i
i

(/50
DS,
7R

3 ! i
LT

,,{;gga“\\\f“‘\\mmww
S\
\\‘!“\\‘\WWWMWM%%
2 Z:%:::él, ":'" ) \“ ,e.““‘ \ 3

(/

{/

i,
%,

s
il
il j //,////,’,’,’,’,’,',',l,lllll'l’l/,’

Iy
v

Figure A.9: Map of V2B x 0.52/2! obtained from the analytical expression. This is
plotted over —4 < z < 4 and —4 < y < 4 with Az = Ay = 0.1. The maximum and
the minimum are 446 G and —948 G, respectively.
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Figure A.10: Two maps of the difference between exact values and those from the two
differentiators for VZB x0.5?/2! term over the range —4 <z < 4and —4 < y < 4 with
Az = Ay = 0.1. The top map depicts the difference between theory and the improved
differentiators, while the bottom map portrays the difference between theory and the
old differentiators. Both of these are plotted to the same scale. The maximum and
the minimum of the top map are 1.1 G and —1.5 G respectively, while those of the
bottom map are 13.2 G and —19.4 G. Clearly, the improved differentiators are about
twelve times more accurate than the old differentiators.
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Figure A.12: Two maps of the difference between exact values and those from the two
differentiators for V3B x0.5*/4! term over the range —4 < z < 4 and —4 < y < 4 with
Az = Ay = 0.1. The top map depicts the difference between theory and the improved
differentiators, while the bottom map portrays the difference between theory and the
old differentiators. Both of these are plotted to the same scale. The maximum and
the minimum of the top map are 2.9 G and —2.0 G respectively, while those of the
bottom map are 16.3 G and —10.9 G. Clearly, the improved differentiators are about
five times more accurate than the old differentiators for the fourth-order term in B,
at z = 0.5.
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A.4 Application to data with noise

We assumed that noise in the data could be simulated by generating random numbers
and adding them to the values of B stored in the square mesh described above.
Comparison was then made between the results obtained from the improved and old
differentiators to determine their characteristics when applied to data with noise.
In order to compare the results with those in Table A.3 above, we used the same
mesh spacing, Az = Ay = 0.1. The random numbers added to the stored field data
are within +0.1 G, which is around the limit of measurement accuracy. The rms
difference between the field data with and without this noise is 5.75 x 10~2 G (which

agrees quite well with the expected values, (10/ \/5) x 1072 G).

Table A.4 shows the values of rms differences between the exact derivatives of
the field without noise and the results derived from the two numerical differentiators
for the field with the noise. This table shows the results for the second, fourth, and
sixth-order terms in units of G. The rms values in Table A.4 are larger than those in

Table A.3 due to the noise.

It should be noted that the magnitude of random noise is very small compared
with the maximum field va,lué of 12.6 kG (see Fig. A.8) for the field described in
section A.3, and yet its effect on the derivatives is not negligible at all. The magnitude
of the noise is also small compared with the largest magnitudes of the second, fourth,

and sixth-order terms which are 948 G, 140 G, and 25.2 G evaluated at z = 0.5.

For a comparison, we took rms values of the differences between the values of
numerically differentiated derivatives for the field data without the noise and those
for the field data with the noise using the two numerical differentiators up to the
sixth order. Table A.5 shows the values of rms differences for the two numerical

differentiators. The results for the second, fourth. and sixth-order terms are presented
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Table A.4: rms differences between the exact derivatives for the field without the noise
and those for the field with the noise for the two different numerical differentiators

old differentiators | improved differentiators
term for comparison rms(D) rms(D)
V2B x 0.5%/2! 5.40 G 0.682 G
V4B x 0.5%/4] 448 G 1.74 G
V$B x 0.5%/6! 3.60 G 2.08 G

Table A.5: rms differences between the values of numerically differentiated derivatives
for the field with the noise and those for the field without the noise for the two
numerical differentiators

old differentiators | improved differentiators
term for comparison rms(D) rms(D)
ViB x 0.5%/2! 0.798 G 0.580 G
V4B x 0.5%/4! 2.40 G 1.64 G
V$B x 0.5°/6! 3.23 G 2.04 G

in units of G. Addition of noise within 0.1 G produced rms differences of 0.580 G
(0.798 @) for the second-order term, 1.64 G (2.40 G) for the fourth-order term, and
2.04 G (3.23 G) for the sixth-order term when the improved (old) differentiators were
used. Tt should be noted that these rms differences are large in comparison with the
magnitude of the noise. From the rms differences given in Table A.5, it is clear that
the improved differentiators are progressively superior to the old differentiators for
higher order terms by from 37 % (the second-order term) to 58 % (the sixth-order
term) in suppressing high frequency components. Besides, the differences between

the rms values in Table A.4 and those in Table A.3 are smaller than the rms values

in Table A.5.

Figure A.13 corresponds to Fig. A.10 depicting the map of the difference in V2B X

0.52/2!. The only difference is that in this case, median plane magnetic field data
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contain random noise within 0.1 G. Figure A.13 shows the combined effects of the
errors produced by the two numerical differentiators for the field without the noise
and the additional errors due to the added noise. The surface of the top map derived
from the improved differentiators is smoother than that at the bottom from the old

differentiators.

Figure A.14 also corresponds to Fig. A.12 portraying the map of the difference in
V3B x 0.5*/4]. The only difference lies again in the inclusion of random noise within
+0.1 G. Figure A.14 shows the combined effects of the errors produced by the two
numerical differentiators for the field without the noise and the additional errors due
to the added noise. The surface of the bottom map derived from the old differentiators
becomes even sharper than that at the top from the improved differentiators. Besides,

the height of individual spikes is larger than that in the top diagram.

As shown in section A.2, our approximate partial differentiators are accompanied
by the “secondary filter” which filters data in y (z) direction when partial derivatives
are taken with respect to z (y). If the data contain no noise at all and are perfectly
analytical, the “secondary filter” makes little difference. But it becomes indispensable
when data with noise must be dealt with. Table A.6 shows the values of the rms
differences in units of G' between results obtained from the improved differentiators
with and without the “secondary filter”. For the sake of convenience, let’s call the
former “with secondary filter” and the latter “without secondary filter”. As can
be seen from this table, the “secondary filter” becomes progressively more important
with each succeeding term. Thus the “secondary filter” is indispensable for evaluating

higher order derivatives of data with noise.
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Figure A.13: Two maps of the difference in V2B x 0.5%/2! between the exact deriva-
tives for the field without the noise and those obtained from the two numerical differ-
entiators applied to the field with the random noise within +0.1 G. The magnitude
of the noise is very small compared with the maximum field value of 12.6 kG of B.
These are plotted to the same scale over the range —4 < 2 < 4 and —4 < y < 4 with
Az = Ay = 0.1. This figure should be compared with Fig. A.10. The top (bottom)
map depicts the difference for the improved (old) differentiators. The maximum and
the minimum field values of the top map are 2.4 G and —2.4 G respectively, while
those of the bottom map are 14.8 G and —20.5 G. These figures show the combined
effects of the errors produced by the two numerical differentiators for the field without
the noise and the additional errors due to the noise. The surface of the top map is
smoother than that at the bottom.
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Figure A.14: Two maps of the difference in V4B x 0.5%/4! between the exact deriva-
tives for the field without the noise and those obtained from the two numerical differ-
entiators applied to the field with the random noise within 0.1 G. These are plotted
to the same scale over the range —4 < z <4 and —4 <y < 4 with Az = Ay =0.1.
This figure should be compared with Fig. A.12. The top (bottom) map depicts the
difference for the improved (old) differentiators. The maximum and the minimum
of the top map are 6.1 G and —5.8 G respectively, while those of the bottom map
are 20.3 G and —15.7 G. These figures again show the combined effects of the errors
produced by the two numerical differentiators for the field without the noise and the
additional errors due to the noise. The surface of the bottom map 1s even sharper
than that at the top, and the height of individual splkes is larger.
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Table A.6: Effects of the secondary filter on data with noise

With Secondary Filter

Without Secondary Filter

term for comparison rms(D) rms(D)
V2B x 0.5%/2! 0.682 G 0.962 G
V4B x 0.5¢/4] 1.74 G 3.33 G
VEB x 0.5°/6! 2.08 G 553 G
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